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[Please answer all questions and show your work in details.]

l.a. (5%) Find dy/dz ify =u®* —5u+1and u = Vz/(z + 1).
1.b. (5%) Find the limit of lim,_,q ¥Y*=2=¥2*Z

I

2. Evaluate each of the following indefinite integrals.

a. (5%) fJf—_Fde
b. (5%) [ 3% dx

1/4

3.a. (5%) Use the Taylor approximation of order two to approximate f(r) = z'/* at

r=1.1.
3.b. (5%) Use the Taylor approximation of order two to approximate F(z,y) = z'/4y/

at (z,y) = (1.1,0.9).

4.a. (5%) Compute (8y/0z1)(6,3) if the function F(zy,z2,y) = 23 — 25 + y°.

4.b. (5%) A firm uses x hours of unskilled labor and y hours of skilled labor each day to
produce Q(z,y) = 60x?3y/® units of output per day. It currently employs 64 hours of
unskilled labor and 27 hours of skilled labor. Please apply the tmplicit function theorem
to estimate the corresponding change in unskilled labor that would keep the firm’s output

at its current level when it hires an additional hour and a half of skilled labor.

5.a. (5%) What will be the effect of a unit increase in a on the maximum value of f(z;a) =
— 12 4 2az + 4a?, where we maximize f with respect to x for each a?
5b. (5%) Find and classify the critical points of f(z,y) = y°> + z° — 6zy + 3z + 6y as

yielding relative maxima, relative minima, saddle points, or none of these.
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Instructions: Please do all FIVE questions and show your work in details.|

1. Suppose that we are interested in estimating the coefficients in the simple linear re-
gression model,

Y; = X + &
and have a random sample of {¥;, X;}._, . Assume that E[Y;| X;] = X, and var|g;| X;] =

o2. Consider the following three estimators for the slope coefficient,

2 im1 (X.,;—)?)Y; 5 Yn— 1 2 2 iy XY
D i1 (Xz‘:"'X)T’ - Xn = X1 nd P= > i Xi

b —

(a) [15 pts] For the above three estimators, please determine whether or not the
estimator is unbiased for .

(b) [5 pts] Which estimator is BLUE (Best Linear Unbiased Estimator)?

2. [10 pts] Let joint density of X and Y be

(z,y) = 1 it O<:1:<10<y<1
Y) =3 0 otherwise

Obtain Pr(X < Y).
3. [5 pts] If Pr(A4) = 1/3 and Pr(B¢) = 1/4, can A and B be disjoint? Explain.

4. [10 pts] Suppose that nine random variables X1, ..., Xg form a random sample from a
standard normal distribution, and let

Y:a(Xl+Xg)2—|-b(X3+X4+X5)2+C(X6+X7 X5 + Xo)"

be a X*? distribution.

(a) What is (a +b+¢)?
(b) What'’s the degree of freedom of the A distribution?

5. [5 pts] Let X; be a random sample of size n with mean px and variance o%. Consider
X = >",X;/n and sx = Y7 (X; — X)?/(n — 1). Construct an upper confidence
limit U(Xj, ..., X,) for o% such that

Prio%, < U(X3,...,Xn)] = 0.99



