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This examination contains FIVE questions on three pages.
Please put down detail calculations neatly and BOX your
final answer clearly on the answer sheet. Answers without
detail calculations would be disregarded!

1. Quantum Numbers (10%)
Consider a free particle in two dimensions that is described by the Hamilto-

AN

1
H=—(F+F]). (1)

Show that the Hamiltonian commute with F;, F, and L,. Can we use all
three quantum numbers (p, py, I;) to label the eigenstates?

2. Spin Precession (20%)
Apply a magnetic field along the z—axis to a free s = 1/2 spin. The Hamil-
tonian can be written down as a 2 x 2 matrix

= 2 fw
Hzgj.lEH : S = ?F#. [2}

where w = gugH and o, is cne of the Pauli matrices.

{a) {10%) Write down equations of motion in Heisenberg picture and solve
for the time-dependent operators S(z).

(b) (10%) If the initial state is |s, = 1/2), evaluate the average spin {S(f))
as a function of time.

3. Particle in Magnetic Field (25%)

[n the presence of a magnetic field, the eigenstates of a free particle in two i
dimensicns are referred as Landau levels. Suppose the particle is in one of
these states and the wave function is given as

vz, y) = Nz + :'y','le_f';ﬁ. (3)

(a) (5%) Determine the normalization constant N.
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{b) {10%) Compute the current density j(z).

(e} (5%) Since j{z) = plz}v{z), where p(z} is the particle density, the
velocity field can be determined from current density. Furthermore,
make use of the identity L, = m#x ¥ to evaluate the angular momentum
L,.

(d) (5%) Now compute ﬂl-e a.n.Eula.t_.mmnentmu through a different ap-
proach. Make use of L = K x F in polar coordinate to evaluate the
angular momentum again and compare with previous result.

4. One-Dimensional Quantum Wire (20%)

A fancy to confine electrons to one dimension is simply by a parabolic poten-
tial in the transverse direction. The confined one-dimensional electron gas is
called quantum wire and can be modeled by the Hamiltonian

.P: Pﬂ 1 .Fl-j
== 4 ¥ o kYo
H=3%+ gk 5(X), (4)

where a > 0 representing an attractive impurity at the center of the wire.
(a) (5%) Estimate the rough width of the quantum wire.
(b} (5%} Evaluate the bound-state energy due to the attractive impurity.

(¢) {10%) Compute the linear density along the wire n{z) = [ dyly(z,v)|%

5. Identical Particles (25%)

Place two s = 1/2 fermions inside an infinitely-deep well between z = 0 and
=1

(a) {5%:) Write down the ground state wave function Wolzy, 51: 72, 52).

(b} {10%) Now apply a magnetic field that gives rise to the Zeeman inter-
action
Hy, = —gusB(81: + Sp). (5)
For sufficiently large magnetic field, the ground state is no longer the
same as the previous wave function Pg{xy, 8;; 22, 92). Find the new
ground state wave function Wz, 81; T2, 8;) and locate the critical mag-
netic field where the ground state changes.
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(c) (10%) Suppose now we add in the inferaction between these two fermions
H; = —ab(z, = z3). ' (6)

Compute the ground state energy shift AE for both W and ¥y to the
first order in perturbation theory. You might find the integral formula
useful during calculation,

1 _ 2n}!
L dz sin™(wx) = %




