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1. Explanation is required for your examples.

) [5] Let As denote the alternating group on 5 letters. Check that all Sylow
subgroups of A5 are abelian.

(ii) [5] Give an example of an ideal I of a commutative ring R such that I is prime
but not maximal.

(iii) [5] Give an example of a unique factorization domain which is not a principle
ideal domain.

2. A group G is called a metabelian group if G has a normal subgroup K such that
both K and G/K are abelian.

(i) [5] Give an example of a non-abelian group G which is rnetabehan

(i) [10] Show that G is metabelian if and only if the commutator subgroup G, G]
of G is abelian.

3. An element m in an integral domain D is called a least common multiple of elements
ay, ... ,an if the following two conditions are satisfied:
(1) m is a multiple of a; for each i;

(2) if r is a multiple of each a;, then r is a multiple of m

Now fix a prime p in Z and let D denote the set of all polynomials in Z[z], with the
coeflicient of z divisible by p.

(i) [5] Show that D is an integral domain.
(ii) [10] Show that the least common multiple of p and pz in D does not exist

4. Let E be an extension field of a field F and let R be a subring of E such that
FCRCE.

) [10] Suppose E is an algebraic extension of F. Prove that R is a field.
(ii) [5] Give an example such that R is not a field if E is not an algebraic extension
of F.

3 3] . Define T : M3(R) — M3 (R) such that T(A) =
(a) [7] Find the minimal polynomial of T'.
(b) [7] Find the Jordan canonical form of 7.

5. Let M3(R) be the vector space of all 2 by 2 real matrices and let
1
i

g 1 1 1
6. [14)Let A= |1 —1| andy= |2|. Find u € R? such that JAu—y]|| < |Ax —y]|
0 1 3 '

for all x € R2. Is the u unique ? Give your reason
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7. Let V be a inner product space and let A; be the orthogonal projections to
the subspace W; for j =1, 2.

(a) [10] Show that A1A2 AQAJ_ if and OIlly if W1 (W1 N Wg) @& (Wl n Wzl)
(b) [6] In case (a) is true, show that A; A, is the orthogonal projection to W, N W.

8. A 3 by 3 real matrix T is said to be in SO(R, 3) if det(T') = 1 and ||Tx| = [Ix|]
for all x € R3.

(a) (8] Show that for such T there is a nontrivial u € R3 such that Tu = W,
(b) [8] Find the Jordan canonical form of such 7.




