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There are 8 problems (15 points for each).

. Check whether the following limits exist and find their values.
. In(n)
(a) hmn_.oo 1—_*_—%—:%(-;—_}_—%‘ .

(b) limp_co B2

n

2. Suppose f € C([a, b))NC*((a,b)), f(a) = f(b) = 0and limz a4+ f'(x) = limg—p— f'(z) >
0, show that f has at least one zero in (a,b).
3. Let D be a region in R? and u(z, y) € C¥(D). Show that = +_‘-g;—’2‘ =0on D if and

only if for any ball B C D, [;5(Vue n)ds = 0, where n is the unit outward normal
field to OB and ds is the arclength element.

4. (a) Suppose A, B are subsets of R" and f : A — B is a homeomorphism. Show
that f maps the interior of A onto the interior of B.

(b) Use (a) to show that the closed annulus A = {(z,y) eR?: 1 <22 +y* <2}
is not homeomorphic to the closed disc D = {z,y) € R?: 2% + y* <1}

Suppose a; € R and |ag| < k for every positive integer k. Let f(z) = Y o, axz* and
fa(z) = f(z + %). Show that f, converges uniformly to f on any [a,b] C (—1,1).

6. Define f : R™™ — R™" by f(A) = ATA, where AT denotes the transpose of A.
Use the definition of derivative to find Df(I,), where I is the identity matrix.

7. Let S be the set defined by
S = {(z,y,u,v) € R*: 3zy +yP +e*+e’ =0, -y +e*+e? =0}

Show that there is a neighborhood U of (—1,1) and real-valued functions f, g such
that (z,v, f(z,v),9(z,y)) € S for any (z,y) € U. Find the value -‘%f(-—l, 1).
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where E is the ellipse {(z,y) € R? : 52% + 2zy + y? <1}

8. Evaluate the double integral




