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Show your work, otherwise no credit will be granted.

1. (15 points) Let f be a continuous real-valued function defined on |a, b|, and let
M = maXgejqp | f(z)]. Show that 1imn__,m(f; | f(z)|* da)/™ = M.
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2. (15 points) Show that the series Y5, “~2" converges uniformly on 0,1].

3. (15 points) Let f : (—=1,2) — R be a real analytic function. If f(3) = 0 for all

k € N, show that f is identically zero.

4. (15 points) Let f be a nonnegative real-valued function defined on [0,1]. Suppose

that there is an universal constant M > 0 such that f(z1)+--

-+ f(zr) < M for every

finite subset {z1, - - -, 2k} of [0,1]. Show that the set S = {z € [0, 1] | f(z) # 0} is

countabie.

5. (15 points) Let f be a continuous function on K = 0,1] x [0.1] € R?*, show that

there exists an interior point (%o, yo) of K such that

//Kf(fﬂ:y) dz dy = f(zo,Yo).

6. (15 points) Show that the function

z sin z £ 0

f(x):{o # z =0,

is uniformly continuous on R.

7. (15 point) Prove that
1

lim [ (1+ i—)”e“mdx = 1.

8. (15 points) Consider the normed space C([0,1]) = {f:[0,1
0,1]) : fol f(z)*dz < 1}.

with sup norm || f [|eo= maxgep |f(z)|. Let B = {f € C(

(a) Is B open? Prove your answer.

(b) Is B connected? Prove your answer.

— R | f is continuous}



