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Algebra and Linear Algebra (5 120 £
(12%} 1.

Determine "true” or "false” for the following statements (without proofs).

(a) det: M.(R) — R is linear over R, where M,(IR) is the vector space

of all the n x n matrices over R.
(b) If A, B € M,(R) are similar then they have the same eigenvectors.
{c} For A,B € M,(R) if AB = I, (identity matrix) then BA = I,.
(d) rank(AB) > rankB for any A, B € M.(R).

(16%) 2.

Let V be an n-dimensional vector space over R and V 2. V be a linear

transformation such that the range and null space of T are identical.

(2} Prove that n must be even. (8%)

(b) Give an example of such a linear transformation for V = R, (8%)
(15%) 3.

Show that any A € M,.(R) which is upper triangular and orthogonal (means
AAT = [} is a diagonal matrix.

(17%) 4.

(a) For A € M.(R), if Av = 0 for some v # 0 in R" prove that defA = 0.
(7%)

(b) Let f(z) be the characteristic polynomial of a matrix B € M.(R). If 1 is an
eigenvalue of B, prove that det f(B*) = 0. (10%)

(15%) 5.

Prove that any group of order 78 has a normal subgroup of order 39.
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[12%.] 6.

Determine whether the two abelian groups in each of the following pairs are

isomorphic to each other and explain why 7

(a) (Q/Z,+) and (Q, +).
(b) (R*,-) and (R*,.) where R = R—{0}, R* = {r € R| z > 0}.
(c) ZgxZys/ < (2,3) > and Zs.

{18%) T.

Consider the Gaussian ring Z{i] = {a + ] a,b € Z} CC. Let <2+ >
be the principal ideal of Z[i] generated by 2 + 3i. Note that N(Z + 3i) =
(243i)(2-3%)=4+9=13.

(a) Prove that the inclusion map Z A, Z[il, a 2sa=a+0i,
which is a ring homomorphism, induces a ring homomorphism

Z/13Z 2 Tfi])/ <243i> - (5%)
(b) Prove that jis 1-1.  (6%)

(c) Prove that j is onto. (T%)
(15%) 8.

Let p be an odd prime. The polynomial ®,(x) = z*~' + " 4otz 41
is well known to be irreducible over @ and ¢ = cos ** +isin N R (e

are zeros of ®,(z) in €. Consider the extension field Q({) C €.

(a) Show that the Galois group G(Q{( }/ Q) is an abelian group of order
p-1. {T%)

(b) Show that [G(Q(¢ + 1)/ Q)| = 5. (8%)




