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1. (15 points) Evaluate the integral

[ ] 7 !
f e ' dr.
0

2. (15 points) Let f : R™ — R be a ¢ function. Suppose that
x-Vfiz) = kf(z)
Frove that

f(Az) = X f(z) for each z € R™ and A > 0.

3. (15 points) How many real numbers r satisfy

T + 1 = 4arctan(z)?

4. (15 points) Let {f.} be a sequence of continuously differentiable func-
tions on [a, b] sueh that f.(a} = f.(b) = 0 and

[ Va(@)idz <

for some fixed constant M. Prove that {f,} contains a subsequence
that converges uniformly on [a, b).

. (15 points)

(a} Let f be a continuous function from [0, 1] onto [0, 1], show that
there exists a point =y € [0, 1] such that f{xg) = xq.

(b) If g is a continuous function from (0,1) onto (0,1), can there
always exists & fixed point in (0, 1) for g7 Justify vour answer.
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6. (15 points) Define

T (2,y) #(0,0),
z, — Tty
dd { 0 (¥} = (0,0).
{a) Show that f is continuous at (0, 0).
(b) Show that f has directional derivatives in all directions at (0,0).
(c) Show that f is not differentiable at (0, 0).

7. (15 points) Suppose [ is defined in .S = [0, 1] x [0, 1] by the formula

flz,y) = 1 if = 15 irrational,
= 3y? if x is rational.

(a) Show that [j(J, f(z, y)dy)dz exists and has the value 1.
(b) Show that [ [ f(z, y)dA does not exist.

8. {13 points) Check whether the following sets E in R? are compact or
not. If E is mot compact, find the smallest compact set K such that
E < K. Justify your answers! '

(a) E={(z,y):y =sin(L), z € (0,1]}.
(b) E = {(z,y): z € [0,1] and y = 1 if z is rational, y = 0 if z is
irrational}.




