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1. {10 points) If A4 is an n x n matrix such that A* = A, show that to{A) =
rank(A),

2. (20 points) On R, let V' be the subspace defined by x) = 14, T3 = =1
Denote by A: R* — R? to be the reflection with respect to the subspace V.

va} Find the matrix (with respect 1o the standard basis in #*) representing
A.

(b) Find the minimal palynomial of 4.

3. (20 poinks} Let T V -+ V be a linear operator. Suppose that v is an
eigenvector corresponding to the eigenvalue A, and v; is an eigenvector cor-
responding to the eigenvalue Aq, where &) £ A, Put v = ) + 1y,

[a) Let W be the T-cyvclic subspace generated by v,(i.e. W = span({v, T(v},
T3(+),--}1). Find the dimension of W.

(b) Let Tw be the restriction of T to W, Find the characteristic poiynomial
ol Tw.

4. [15 points} Iet A and B be m x # matrics. Suppose that rank(A) = r; =
tank{ 7] = ry.

12} Prove that r; < rank[A 8] = rank[# Al £ v; + 77 and prove that
rank[A - B B| = rank[4 Bl. Where [4 B} means the m x 2n matrix,
where A is the first shumatrix, and B is the second matrix, that s

AB = (e co—d B Hlsr<n
A B = (ay), "':*J_{bm_“ if n+1<;<2n

tb] Using the resulis in {a), prove that r, —ry < rank(d + 81 =< =) £ 71,

(20 poinis) Let {7 be a group with identity € and let %) and N, be normal
subgroups of (5. Dencte ¢, 1 G — G/N, the canonical epimorphism é,{a) =
aVi. Denote ¢ @ (7 — (/N x G/Nz the unique homemorphism such that
T;8 = & (1 ts the canonical projection of the direct product).

I_:.,JI:

{a] Prove that ¢ is an isomorphism if and enly if & = N x ¥, as internal
direct product (ie. 7 = NyJV; and Ny NNy =< e =)

(b} Tsit true that ¢ 1s an isomorphism if and only if & =2 &, = V7
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6. (15 points) Let F3 be a finite field of 2 elemenis and let f{z) =zt+r+lg
Fa[z]. Let F; be ap algebraic closure of 5.

(2} Prove that flz} is an irreducible polynomial over Fy.

(b} Suppose that @ ¢ £ is a root of f(z). Prove that fyfn) is the aplitting
le!d over £7 of f(z), by expressing all other roots of f{z) as elements
n FE{D.':I'.

i {2 points) Let & be 4 field and f(x} be a polvnomial of degree n in &[z]. Let
R be the residue class nng k[z]/{ f(z}). In the following, for any ¢(z) & k[z],
we denote g{r) € A the residue class of y(z) modula { f{z)),

(a) For any ideal / < R, prove that there exists g{z) € k|x] such that
{g1z)) = f and g(z)}fiz} in k(z].

{b1 Using the result 1n {a), prove that the total number of distinet jdeals of
f is not greater than 2* — 1. Furthermore, prove that f{z} is irreducible
in k(z] if and only if there 13 no nun-zero ideal in £

(] Let 7 be an ideal of R. Suppose that [ = (g(z)) and g¢(= )| fiz) in kix].
Suppose further that the degree of g{z) is . Considec | as a vector
space over k. Prove that the dimension of f over k is n — m and find a
basis for 1.

(] Let 7 he an ideal of B Suppose that [ = (g{z)) and g{zk{z) = f(1)
lor some h{z) € &[z]. Prove that A{z) € f if and only if fz) |Alz)A{x)
]” .'i" T,]



