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1.{12 points} Bhow that B = {(—o0,a);¢ € R} is & basis for a topology T on the
réal line £ Prove or disprove that whether [0, 1] in the topalogy (induced from)
15 compact? connected? Hansdorfl? T 7 (You may use without proof that [0, 1] is
compact and connected in the usual topology.)

2.(16 peoints] L=t A be a subset of X = R”® carryiag the usual metric ¢. For o & R,
define f{x) = d{z, 4A) = inf{d{z, v} v € Al

(a) Show that f is uniformly continuous.

(b) Show that f(z) =0iland only ifz € A.

{c} Let A, B be disjoint closed subsets of X, B compact, show that we can find a
small € > G, such thatll.(4) = {x € X;d{x, A) < £} and U (B} are disjoint.

{d} Is the conclusion in {¢) still true if B is nat compact? Give a proof or a coun-
terexample. :

Z b

. };a,b,c,d € R,ad — be # 0} as a subspace of

3.{20 poiuts) Regard G = {{

E* in the usual tapology.

(a) Show that the map J : Gx G — & given by f{g, k) = gh~! {product of matrices)
. 15 continuous.

(b) For a open subset A, and any subset B of (, show that AB = {eh;g€ A, h € B}

is also open in 5.
(<) For a compact subset O, and a closed subset D, show that & is cif:sed

(d) Is & connected 7 Why 7
(e} Let (7, be the connected compenent of & containing [ é ? ] Show that
gh™! € G, whenever g, h € &, and zy="! € &, for any z &€ (Jand y € G,.

4.{12 pmm’.s} (a} Show that an:,r continuous cae to one map f : [a, b — R is strictly
monolonc,

(b) Show thai any continuaus bijective map f : R — R is a hmnecmﬂr]}hﬂm (in
usiLal Lﬂpﬂlﬂg}’}




