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1 (12%) Let f : V --c-+ W and g : VV -+ Z be linear tran:;fonuatiom; on finite-<lirnensional 
real vector spaces V, Wand Z. Show that: 

(a) rank(g o J) :::; rank(g). 

(b) rank(g o J) :::; rank(!). 

2 (12%) Find the minimal polynomial of the matrix 

A~ 0 11 ~I) 
3 (12%) Suppose that 1, 2, ... , n arc eigenvalues of a nonzero linear transformation T on 

a finite-dimensional vector space V over <C. Let vk -=/= 0 be an eigenvector of T with 
eigenvalue k for k = 1, ... , n. Show that v1 , . .. , Vn arc linearly independent over <C. 

4 (12%) Let A E Matn(C) be an invertible matrix for which A* = A- 1
, where A* is the 

conjugate transpose of A. Let f (X) E (C[X] be the characteristic polynomial of A. Show 
that 

n 

f(X) = II (ei0, - x) 
k=l 

for some 01 , . . . , 0n ER 

5 (12%) Let A, B E Matn(C) be two invertible matrices. Show that the matrix A+ >..B is 
invertible for all but finitely many >.. E (C_ 

6 (12%) Let A , B E Matn((C). Show that every eigenvalue of AB is also an eigenvalue of 
BA. 

7 (14%) Let V be a complex vector space of finite dimension with a fixed positive definite 
hermitian inner product <, >. Let f : V -+ V be a linear transformation over CC such 
that< f(v), v >= 0. Show that f is a zero map. 

8 (14%) Let A be an n x n real matrix and Atr be its transpose. Show that Atr and Atr A 
have the same rank. 


