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1. [10%] Let T": C* — C* be given by
IT'(z1,20) = (21 + 22, 21 — T2)

where Z denotes the complex conjugate of z. Is T a surjective mapping? Is T a

(complex) hmear transformation? Why or why not?

L2

. {10%] Let T: R® — R* be a linear transformation. Suppose that dim(N (7)) = 4
and dim(E(T)NN(T)) = 2 where N(T') denotes the kernel of T and R(T') denotes
the range of 7. Find the ranks of T"and T'o T

3. [10%] Let §: Myyo(R) — R be a function such that §(AB) = §(A)6(B) for any
A, B € M»(R). Suppose also that §({59]) # ([ 4])-
(1) Prove that 4({83]) = 0.

(2) Prove that §(B) = —4(A) if B is obtained hy interchanging the rows of A.

4. [10%] Let V be a finite dimensional inner product space over R, and let VW be
a subspace of V. Prove that V = W @ W+ where W+ denotes the orthogonal

complement of V.

N

. [10%] Define
S = {_:4 -~ ﬂ;fg:,:_j;(Fp) I Tﬂ.ﬂ].{(A.) = 1}

where p Is a prime nmumber, ¥, is the finite field of p elements, and Ay, 3(F,) is

the set of all 2 x 3 matrices over F,,. Compute the number of elements in 5.

6. [10%] Compute the determinant of the 7 x 7 matrix

01 1 1 1 1 1
1 01 1 1 11
1 10 1 1 11
11101 11
1 11 1011
1 111101
1111231 1 0.
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7. [10%)] Let T be a linear operator on the complex vector space M343(C) defined
by T(X) = AX for any X € M343(C) where

2 -2 3]
A=11 2 3
1 4 4

(1) Find the kernel of 7.

(2) Find the algebraic multiplicity of each eigenvalue of T'.

8. [10%] Let

3 —2 5]
A=|=-1 2 1}
[—1 1 oJ

Find matrices 7', /V such that A =T + N, T is diagonalizable, NV is nilpotent,
and TN = NT'.

9. [10%] Let T be a linear operator on a finite-dimensional inner product space V
(with inner product denoted by (,)). The adjoint of T is the linear operator T
ou V such that (Tv, w) = (v.T*w) for all v,w € V. If T is invertible, show that
T* is also invertible and (T*)~' = (T~H*.

10. [10%] Find the singular value decomposition of the 2 x 3 real matrix

1 1 ol

A= .
0 -1 1}




