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Advanced Calculus (Pure Math)

. (13 pts) If (a,b) C R is a bounded interval and f : (a,b) — R is uniformly continuous, prove that f is
bounded on (a,b).

. (13 pts) Let f: (0,1] — R be differentiable, and suppose that there is a positive constant m such that
|/ (z)| < m for all x € (0,1]. Define a, = f (l) for n=1,2,3,--- . Prove that lim a, exists.
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. (13 pts) Investigate the continuity and differentiability of the function

f(.’L' y) :{ \_/L if ("B:y) _T'L (0:0)

x2+y?

0  if (z,9)=(0,0)
at the point (0,0) .
. (13 pts) For n=1,2,3,---, let

fr (3;) = lim (cos n!'rr:r:)% (z €R).
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Find lim f, ().
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. (13 pts) Let X and Y be metric spaces, where X is compact. If f is a continuous one-to-one mapping
of X onto Y, prove that f~! is a continuous mapping of Y onto X.

. (15 pts) Consider the vector field F on R? defined by
F (z,y) = (e"siny, e” cosy)

and let T’ be the path y = z2 joining (0,0) to (1,1) in R2. Evaluate the line integral [ F - d5. Does
this integral depend on the path joining (0,0) to (1,1)? Explain.

. (20 pts) Let f : R? — R? be defined by

flz,y) = (z+vy,2x+ ay).

(a) Calculate Df (z,y) and show that Df (z,y) is invertible if and only if a # 2.
(b) Examine the image of the unit square [0,1] x (0,1] when a =1, 2.
(¢) Find the area of the image of the unit disc z° + y* < 1 when a = 3.



