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1. (10%) Prove or disprove that R3\{(1,2,3)} is a vector space.

2. (10%) Is a complex vector space always a real vector space? Is a real vector space
always a complex vector space? Prove your claim or give a counterexample.

3. (10%) Suppose that A is an n x n matrix satisfying A'® = 0. Show that the
matrix I, — A is invertible where I,, is the n X n identity matrix.

4. (10%) Let A be an m X n matrix with column vectors a;,...,a, € R™. Suppose
that a; + --- + a, = 0, show that rank(A) < n. '

5. (15%) Let V = €*(0, 1) be the vector space of continuously differentiable func-
tions on the interval (0,1). Define T: V — V bv

T(f)t) =1tf(t)

Prove that every real number is an eigenvalue of T and find the corresponding
elgenvectors.

6. (15%) Let GL(n,R) be the space of all n x n invertible real matrices and
Mat(n, R) be the space of all n X n real matrices. Let d be the metric on

Mat(n, R) defined by

d(A,B):= sup {lai; — bi|}

,7=1,...,1

where A = [a,;,j], B = [b;;]. Is GL(n,R) dense in Mat(n,R) under the topology
induced by d?

7. (15%) Given two n X n matrices A and B. Show that the characteristic poly-
nomials of AB and BA are equal.

8. (15%) Suppose that A is an n x n matrix with all real entries and suppose that

A is a complex eigenvalue of A, with corresponding complex eigenvector v € C™.
Set B = (A — A )(A — AI). Prove that the null space in R" of B is not {0}.



