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1. (i) (8 points) If the real numbers Xi, ... , Xn and Yi, ... , Yn satisfy Iii X[ = 1 and, 

Iii Yl = 1 please find the maximal value of If:i Xi Yi. 

(ii) (7 points) Use (i) to show that the Cauchy's inequality, 

for the real numbers ai, ... , an and bi, ... , bn. 

2. Consider a function 

13a + 13b + 2c 24a - b + 13c -a + 24b + 13c 
f(a, b, c) = 2a + 2b + 2b + 2c + 2c + 2a 

inD = {(a,b,c) E ~ 3 :a,b,c > 0}. 

(i) ( 10 points) Show that f ( a, b, c) attains its minimum value in D. More precisely, 

prove that for ( a, b, c) E D, there ho Ids 

f(a,b,c) ~ ..fio + 19 

and the equality holds only for a = b = ~ . 
2v5-i 

(ii) (5 points) Do there exist positive numbers b0 and c0 arriving at 

f (12345566 , b0 , c0 ) = 2019? 

3. (10 points) Estimate the integral J
0
°·5 

e-x
2 
dx accurate to within 0.001. Justify your 

answer. 

4. Consider a sequence {xn}nEl:\l satisfying Xi = 1 and Xn+l = (Ik=l xk) 112 . 

(i) (5 points) Does Ik=i (-i)k converge as n • oo? Prove or disprove your assertion. 
Xk 

(ii) ( 10 points) Find all real number a such that the limit lim Ik=l x~ exists. 
n-+cx, k 
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S. (i) (5 points) Is there a differentiable function f: IRl. • IRl. satisfying 

f (0)/(2019) < 0 and f (x)f' (x) :S; 0 for all x E (0,2019)? 

If your answer is "YES", please give a "CLEAR" example. If "NO" , please 

rigorously prove that there does NOT exist such a function f satisfying the above 

conditions. 

(ii) (10 points) Let/: IRl. • IRl. be a twice differentiable function and satisfy 

f (O)f' (O) > 0 and f (x)f" (x) 2: (t' (x) )2 for all x E !Rl.. 

Prove that f(5566)f(x) must be monotonically increasing and convex in (O, oo ) . 

6. Assume that f: IRl. • IRl. is a differentiable function. Please carefully think about the 

following statements. 

(i) (5 points) If a E IRl. is an inflection point (&. eh .W.i!i) off, then for any two distinct 

points b, c E IRl. there always holds 

f(b~ = ~(c) * f'(a). 

(ii) (5 points) If a E IRl. is not an inflection point off, there must exist b, c E IRl. such that 

f(b~ = ~(c) = f'(a). 

(iii) (10 points) If/ is twice differentiable at a E IRl. andf"(a) * 0, there must exist 

b, c E IRl. such that 

f(b~ = ~(c) = f'(a). 

If you think the statement is true, please prove it rigorously. If you think it is wrong, 

please give a counterexample. 

Note. Don ' t confuse (i)-(iii) with the Mean Value Theorem. 
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7. (10 points) Prove that 

sin x sin y ( rr) 
xy > min{ cos x, cosy} for any x, y E 0, 2 . 

8. (i) (7 points) Prove that J
1

00 si;x dx converges. 

(ii) (8 points) Prove that J
1

00 1si;x1 dx diverges . 

9. Evaluate the integrals 

(i) (5 points) (fol ✓1d:x4)-:- (fol ✓id:x4). 

(ii) (5 points) JJD (x - y)2dxdy, where 

D = {(x,y) E IR{2 : 4(x - y) 2 + (x + y) 2 $ 4}. 

10. (i) (8 points) Show that if f is a differentiable function of x and y, then f has a 

directional derivative in the direction of any unit vector u = (u1 , u 2 ) and 

Duf(x, y) = Vf (x, y) · u 

(ii) (7 points) Show that a differentiable function f decreases most rapidly at (x, y) in 

the direction opposite to the gradient vector, that is, -V f (x, y). 

11. (10 points) Use the Divergence Theorem to evaluate the surface integral 

ffs (2x + 2y + z 2 )dS, 

wheres= {(x,y,z) E IR{3 : x 2 + y 2 + z 2 = 1}. 
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