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(Note: ( ~t£- 150 £-) Do not change rational or constant numbers (like 

1/3 or n) to decimal numbers (0.333 ... or 3.1415 ... ).) 

1. ( 10 pts.) Consider the function y = f ( x) which is implicitly defined 

by 

Xx · yY = 1, X > 0, y > 0. 

Find the tangent line of the graph of y = f (x) at the point (x, y) = 

(1, 1). 

2. (15 pts.) Let 

f(x) = f]Jtz + e' + t~
1

:

3

1) dt + 1 

be defined on (-oo, oo ). 

(a) Find the derivative of f (x). (8 pts.) 

(b)Evaluate the derivative of r-1 cx) at x = 1. (7 pts.) 

3. (20 pts.) Find the limits. 
1 

(a) lim (sin/ - ~). (10 pts.) (b) liIJl- (1 + 2-)(~-x). (10 pts.) 
x-+O x x sm x x-+- tan x 

2 

x2 y2 
-4. (22 pts.) Consider the ellipse C : 4 + 9 = 1. 

( 
llr'(t)xr"(t)II ) Hint: \lr'(t)\1

3 
is the curvature of the parametric curve r(t). 

(a) Find all the point P on the curve C at which the curvature is a 

minimum. (8 pts.) 

(b)Find all the center of curvature at P. (6 pts.) 

( c) Find the unit tangent vector T and the principle unit normal 

vector N at the point ( ../2, 3,/z). (8 pts.) 
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5. (12 pts.) Find the shortest and the longest distances from the origin 
2 

to the curve formed by the intersection of x 2 + L + z
2 = 1 and 4 

2x -y + 2z = 2. 
oo (-1)n+l(x-3)n en(x-5)n 

6. (13 pts.) Let f (x) = Ln=O rnzn and g(x) = L~=1 ( l)n2 1+-n 

be two infinite series. Find the largest interval such that f (x) and 
g(x) are both convergent. (Hint: Don't forget the end points of the 

interval.) 

7. (a) (12 pts.) Prove that the Wallis's formula. 

re 

f 
2 2 · 4 · 6 .... · (n - 1) 

0 

cosn x dx = 
3 

. 
5 

. 
7 

..... n , if n is odd (n ~ 3). 

re 

f 
2 1 · 3 · 5 · ... · (n - 1) (rr) 

0 

cosnxdx= 
2

_
4

_
6 

..... n · 2 ,ifniseven(n~2). 

(b)(12 pts.) Use a double integral to find the volume of the solid 
region bounded by the paraboloid z = 8 - 2x

2 
- y

2
and the xy-

plane. 

8. (a) (10 pts.) Prove that 

f ✓a2 -x2 dx = ½(x✓a2 
- x2 + a2 

sin-
1
~) + C 

where a =t- 0 and C is an arbitrary constant. (Hint: x = a sine.) 

(b)(l0 pts.) Use a triple integral to find the volume of the sphere 

x 2 + y 2 + z 2 = 1 is ~1r. 
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9. (14 pts.) Let F(x,y) = (-y,x) be the vector field defined on the 
path r(t) = (x(t),y(t)) with x 2 (t) + y 2 (t) = 1. Find the line 

integral f c F(t) · dr(t) by using the following two methods. 

(a) Find the line integral directly. (7 pts.) 

(b)Apply Green's theorem to the line integral. (7 pts.) 




