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(Note: (#4150 %) Do not change rational or constant numbers (like
1/3 or m) to decimal numbers (0.333... or 3.1415...).)

1. (10 pts.) Find the points on the ellipse 4x?+ y? = 4 that are farthest
away from the point (1,0).

2. (10 pts.) Find the area of the surface obtained by rotating the curve
x= %(y2 +2)3/2,1 <y <2, about the x-axis.

3. (10 pts.) Show that the volume of a sphere of radius 7 is V = 4m~/3.

4. (10 pts.) Show by trigonometric substitution that the area of a circle
with radius 7 is 72,

5. (10 pts. ) Find the interval of convergence of the series:
@Y (36 mme-nn
n=

6. (10 pts.) Find the minimum value of the function fx, y) = x> + )
subject to the constraint xy = 1.

7. (10 pts.) State the Fundamental Theorem of Calculus and briefly
prove it. (Hints: F(x) = f:f(t)dt, F'{x) =2, f; f(x)dx=?)
8. (10 pts.) Use a triple integral to find the volume of the tetrahedron

enclosed by the coordinate planes (xy-plane, yz-plane, xz-plane) and
the plane 2x + y + z =4.

9. (15 pts.) Let f(x) = a*, where a is a positive number. (a) Show that
f'(x) = f'(0)a*, where f'(0) = Ina. (b) Show that the number

e = 2.718281 ... can be obtained by taking the limit lim,,_ (1 +
l)n ints: = g% d_y.
= . (Hints: y = a*, ax')

10. (15 pts.) Evaluate the integrals (a) [ sin®x cos®xdx (b) [Inxdx
( ) -[-24x —7x— 12[i

xP—x?—6x
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1. (15 pts.) Letz = f{x, ) represent a surface S in the 3D space and
Py(xo, yo, zo) be a point on S. Let C; and C, be two curves obtained
by intersecting the vertical planes y =y, and x = x,, respectively,
with S through Py. Derive the equation of the tangent plane to S at P,
by the following method. Define F{(x, y, z) = f{x, y) - z=0 and

r(t) = (x(t), y(t) Z(t)) Step 1. (7 pts.) Show that VF - r'(t) = 0,

where V= (— 5; =
Z—Zo = fx(x{): Yo) (x — xo) + fy (X0, ¥0) (¥ — yo) using the gradient

vector VF(xo, yo, zo), where f,(x°,y°) = ) ;
9% l(xy)=(x00)

) Step 2. (8 pts.) Derive the equation

12. (25 pts.) Consider the curve of the circular helix
r(t) = (cost,sint,t) from the point (1, 0, 0) to the point (1, 0, 2m).
(a) (5 pts.) Show that ds = |r'(t)|dt, where s is the arc length
parameter. (b) (5 pts.) Find the length of the curve. (c) (10 pts.) Find

the unit tangent vector T (1;») at t = g, the unit normal vector N G),
and the unit binormal vector B @) (e) (5 pts.) Find the curvature k

of the curve at the point (1, 0, 0). (Hint: x = I‘: I Ir’ (]:-)?t;p(tjl)



