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1. Solve the following initial value problem with Laplace transform.
y'+4xy' —4y =0, y(0) =0, y'(0) =6 (10%)

2. Obtain series solution for following ODE.

In ! 1 0
x°y" + xy' + (x2 — ;)y = (14%)
, x2+y2+x 0
3. Solve for vy + —“—'2";5/—— = () (5%)

4. Obtain solution for following initial value problem.

y"+4y" —3y'— 18y =0, y(0) =3, y'(0) =2, y"(0) = 11 (6%)

5. (a) Apply Leibniz rule to check y(x) = e* + fox t cosh(x — t) dt is the solution
of y' —y = 2x, y(0) =y'(0) =1 (5%)

[ 141
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(b) Find the eigenvalues and eigenvectors of [_ 14

-

(c) Evaluate the surface integral ¢s F-AdS where F = e*% + ¢e” V+e4Z and S
i1s the surface of the cube |x| <5, |y] <5, |z] £ 5. (5%)

(d) Evaluate the line integral ¢. v -df where v = z°X + x*y + y°Z and C is the
circle x = 2, y? + z% = 16. (5%)

6. We define Fourier transform as F{f(x)} = f(w) = fj; f(x)e '* dx. A Table of
Fourier transform has been provided at the end of this question sheet.

(a) Evaluate the Fourier transform F{5xe~21*1}. (5%)

(b) Evaluate the inverse Fourier transform F~1 {m} (5%)
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(c) An 1nfinite beam resting on an elastic foundation and subjected to a load f(x)

can be described by the differential equation EIy™ + ky = f(x) where E, I, k
are physical constants. The problem is solved using Fourier transform and Fourier

convolution. The solution can be expressed as y(x) = fj:[( (x — &)f(&)dé. Find
the kernel K(x)=? (5%)

7. Suppose that a function 7(p, @) on the spherical surface p = a 1s maintained at a
constant value 7, , that the function 7' 1s harmonic throughout the regions o >a and

p < a, and that 7 tends to zero as p —>o. Find 7 at an arbitrary point inside the

sphere ( o <a). What is T outside the sphere ( o >a)? You are required to solve

this problem as a PDE problem and to show details of your work, including the

derivation of the relevant orthogonal set of eigenfunctions to this problem. (18%)
[in spherical coordinates (p, @, 8), where @ 1s the “cone angle” measured from the

Z axi1s,

1 6 ,oT 1 o . oT | o0°T
(p" —)+————(Inp—) +

VT = 2 2 . 2 2 Ap?
0" op Op  p°sing O@ Op  p sin” @ 06

]

8. Expand the function

z°-2z+2

f2) ==

in a Laurent series which converges in the given annular domain 1 < |z — 1|. (12%)
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Table of Fourier Transforms
f(x)
' 1
| .
POy (a > 0)
2. H{z)e ™™ (Rea > 0)
3. H{—-z)e®™ (Rea > 0)
4. e =l (a > 0)
5. e
] —.rz/(ﬂﬂ)
6 2a/7 - (a>0)
7. =
z|
s e i (Sl + 3) @ >
Zlel+5) (@>0)
9, H{x +a)— H(z — a)
10. &(x - a)
1l. flax+b) (a>0)
12. E15?'“’:/“‘_)‘ (E) (a > 0, breal)
a @

13. flaz)coscx (a > 0, creal)
14. f(az)sinex (a > 0, creal)
15. f(xz+c¢)+ flx—c)
16. f(zr+c)— f(z—c)
17. 2" f(z) (n=1,2,...)
18. af(z)+ Ag(r)

19. (=)

0. f@)= [ gle)de,

where f(z) = 0asz — o0

21. (f *g)(z) = [_m flz —£)g(£) d§

(creal)

(creal)

A %®_3_R

¥ (T F248)

fwy= [ : f(2)e™ " dz

wt + g%
2sinwa

W

E—iwn

%eibw/uf (fo_:__)

i

flaw + b)
L0592
2 — C s fW 4
s f Co) = (50))]

2 f(w) coswe

2i f(w) sinwe

;" d‘i}n f(&))

af (w) + Bg(w)

(iw)™ f(w)

fw) = = 5(w)

flw)g(w)



