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1. Solve the differential equations and provide general solutions ofy(x). 

d 2 d 
(a) x2 2 - x~ + y = x(lnx} 

dx2 dx 

b dy _ -6x2y 
( ) dx - 4y+8x3 ' 

(c) dy = 2y - 6xy2 
dx 

y(l)=l 

2. Use the Laplace transform to solve the problem 

d 2 x dx {0 
dtz + 2 dt + x = f (t), where f(t) = z: 
x(O) = 1, and x'(O) = -1. 

0::S;t<1 
t :2: 1 

You may express.f{t) in terms of a unit step function. 

3. Find the series solution of the following differential equation about x = 0. 

2 

zx2 ~ + Sx dy - (x2 + 2)y = 0 . 
dx2 dx 

(5%) 

(5%) 

(5%) 

(10%) 

(10%) 

You have to express the solution in the form of y(x) = C1y1(x)+ C2y2(.x). To save 

time, you can only show the first three terms ofy1(x) andy2(x). 

4. Consider the matrix 

M = [-=-11 ~ ;J. 
-1 2 0 

(a) Find the determinant of A (3%) and obtain the inverse matrix A-1 (4%) 

(b) Estimate the eigenvalues (4%) and eigenvectors of A (4%) 

5. (a) Use Stokes' theorem to evaluate Pc v · dR where v = x3zk and C is a loop 

starting from (1, 1, 0), to (-1, 1, 0), to (0, 0,1) and going back (1, 1, 0). (5%) 

(b)Use divergence theorem to evaluate p5 v · fidA, where v = yz 2k and S is the 

surface of a pentahedron with vertices at (0, 0, 0), (2, 0, 0), (0, 0, 3), (2, 0, 

3), (0, 4, 3), (2, 4, 3). (5%) 
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6. Use the method of separation of variables to solve the diffusion problem 

a2Uxx - Ut = 0 (a =f:. 0, 0 < x < L, 0 < t < oo) 

under the boundary condition: 
' 

u(0, t) = 5, ux(L, t) = 3 (0 < t < oo ), 

( ) . 3rr Zn 
u x, 0 = 3x + 10 sm(1 x) cos(1 x) + 5 (0 < x < L) (10%) 

7. Use Fourier transform to solve the heat conduction problem on an infinite rod: 

9Uxx = Ut ( -oo < X < oo, 0 < t < 00) 
with u(x, 0) = 5o(x - 10), -oo < x < oo [o(x) is the Dirac's delta function] 

(10%) 

8. Find the solution for the Dirichlet problem on a circular disk: 

z _ 1 1 _ ( ( ) _ {10, 0 ::; 0 < TC 
'iJ u - Urr + ;ur + rz u00 - 0 0 ::; r < b), u b, 0 - O, TC::; 0 < ZTC . 

Here we assume that u(r, 0) is bounded at r = 0 and u(r, 0) = u(r, 0 + 2TC). 

(10%) 

9. (a) Evaluate the integral ~c (z2: 02 dz where C is the counterclockwise circle 

lzl = 5. (5%) 

(b)Find the Taylor or Laurent expansions of f(z) = ( .)~ ') about z = 0 in 
z+i z-2i 

the circle lzl < 1 and in the annulus 2 < lzl < oo, respectively. (5%) 


