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1. (20%) Let A be a real matrix with n rows and n columns. State or explain 
what the following algorithms do. 

(a) (5%) LU-decomposition for A. 

(b) (5%) QR-factorization for A. 

(c) (5%) Singular value decomposition for A. 

( d) (5%) Spectrum decomposition if A is real and symmetric. 

2. (15%) Let an n-tuple column vector X = l~:1 be denoted as X E R", a 

Householder matrix Hu can be defined as Hu = I - 2uiil , where I is an 
identity matrix and u E Rn with II u llz= 1. An example is: let u = 

[ 1/2 ] [1 o [ 1/2 ] l ¼ - ~

1 
,/3/2 , then Hu= 0 1]- 2 ,/3/2 [ 1/2 ,/3/2 ]= _ ~ -i · 

Show that 

(a) (5%) A Householder matrix is syimnetric. 

(b) (5%) The inverse of a Householder matrix is itself. 

(c) (5%) A Householder matrix is orthogonal. 

3. (15%) Let A = [! 1 ~ 
1 

~] and let x=[:~i E R3
. 

0 0 3 X3 

(a) (5%) Find the eigenvalues of A. 

(b) (5%) Find the spectrum decomposition for A. 

(c) (5%) Find the maximal value for xtAx if II x 11 2= 1. 
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4. (15%) Answer the following questions. 

(a)(3%) Ir=1(2n - 1) =? 

(b) (3%) Ir=o (;) =? 

(c) (3%) Ir=o(-l)k (;) =? 

(d) (3%) Define r(x)= fo
00 

e-ttx- 1 dt for x > 0, compute r(6). 

(e) (3%) Compute r G), where r(x) = fo
00 

e-ttx-ldt. 

5. (15%) Let X1 , Xi, ... , Xn be a random sample of Bernoulli trials with 
probability P(X1 = l)=p, and P(X1 = O)=q, where O<p, q<l, and p+q= l. 

Then X = X1 + X2+ ··· + Xn has a binomial distribution. 

(a) (5%) What is the probability density function for X? 

(b) (5%) What is the moment-generating function for X? 

(c) (5%) What are the expectation E(X) and variance Var(X) ofX? 

6. (10%) Let X have a normal distribution with mean 3 and variance 4, define 
Z=(X-3)/2, and Y=Z2

. 

(a) (3%) Write down the probability density function of X. 

(b) (3%) Write down the probability density function of Z. 

( c) ( 4%) Write down the probability density function of Y. 

7. (10%) Let Xci) < Xcz) < ··· < Xcn) be the order statistic of a random 
sample {X1 , X2 , ··· , Xn} from the uniform distribution U(0,1). 

(a) (5%) Find the probability density function of Xcn) · 

(b) (5%) Use the results of (a) to find the expectation E(Xcn))-

I 


