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For problems 1~5, both correct answers and detailed works are required.
1. (5 %) Find the sine half-range expansion of f(x)

2k L
—X O<x<—
L
Flry= if
%(L—x) —<x<L
yi2
4k (1 1 3 4k (1 T T
(A)—| —sin—x+—sin—x+—sin—x+... |(B)—| —sin—x—-—-sin—x +—sin—ux —
‘)nz 1? 32 L * j()ﬂz(lz L : 3 )
(C)& isinzx——l—sin3753c+isin£7£x— (D)&(—Lsinﬁ)wLsingzx+Lsin3—nx+ j
#2\1F L 3F L 58 LT T 2\ L 28 L 3
(E)ik— —l—sin£x~isin—2£x+isin3—ﬂx— j(F) L (L nzx—ismgzastm—x—
z2\12 L 3L 5 r 212 L 3L 5
27

(G)%(-l—sin%x ——Lsin-z—x+sisin3—ﬂx—-...) (H) none of the above
T

2. (5 %) Find the Fourier transform of f(x)

f(x) = e _ 2o

l 3w 2 3w 2 —i3w
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(G) m(e 3)(H) none of the above
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3. (5 %) Find the inverse Laplace transform of

1
O o

(A) —lz—(l—sinwt)(B) —1—2—(1+coswz‘)(C) ——1—5-(1—coswt)(D) —1—(1~sinwt)
w w w w

(E) 1 (1+coswt)(F) —1—(1 +tanwt)(G) L (1 - tan wt) (H) none of the above
w w w

4. (10 %) Use Laplace transform to solve
xy"+(1=x)y' +ky=0

e d¥ . et d* _, e d“_, e d* .,
A)y=——-[t BYy=——[t‘¢'] (O)y=—"-[te"] D)y=-—-"—[t'e"
Wy=2 25t ] By=TI5lte) Qy=225ite) @y =St

e’ d* y e d* o et d* -

(E)y=———k! o [te™] (F)y:_k pr [the™] (G)y=7—5k—[t"e ] (H) none of the above

5. (10 %) Use Method of Frobenius to solve the general solution of

y"+2—y’+£—y =]
wr=oZ g e Sy @y Sl s S o
©y=a) ((’2”); ) é; ot S O)y-c > é; 13"1) 9 ((“2 ;)) S
©)y= Cnio(znl)), x" %zg—(mx“% (H) none of the above

(c, and ¢, are arbitrary constants)
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6. (a) (3%)The R-L-C network as shown has a sinusoidal input v(¢) = sin(w,f), and the output voltage
across the capacitor is described by the differential equation:
d?v, (¢ dv,(t
10 50l
dt dt
where the coefficients are determined by the value of each passive component.

+22500v, (t)=v,(t)

O

W) G Zvdt

emedpites comscmmelionnass
] s
P ——

You are required to calculate the input frequency ®, that will cause the output v,(¢) to have an exact

90° phase delay with respect to the input v(f), as the output reaches its steady state (namely, the
particular solution of the differential equation).

n

(b)(4%) By using the differential operator D" = d the differential equation

n 2

4 2

6 5 3
7 onf gl B ok Tyt

y : 2 —x
=sin3x)+3x° + xe
de® dxt dx? dx* 03]

is re-written as

(Dz +2D+ IOXD4 -D? )y- = sin(3x)+3x% + xe*.
Please determine the correct representation of the particular solution y, for solving, and you do not
have to solve the coefficients in it.

7. (5%) Solve the differential equation cosx-dx + (sin x+cosy—sin y) -dy =0.

2
8. (8%) Solve the differential equation x° ‘;c—zy +x2 % —9xy=1 (x>0).
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9. (10%) Evaluate the integral iezzdz where C:|z|=4 counterclockwise.

10. (10%) Find the eigenvalues and corresponding normalized eigenvectors (norm equals to 1) for the

matnx020
4 2 5

11. The position 7 of a particle of mass m=1 at time ¢ is described as (all physical quantities are in SI
units):
2

C: F()= —t+(t+l)]+3k , =[0,1].

5

(a) (4%) Let V and W denote the average speed (a scalar) and work done to move the particle from #=0
to =1, respectively. Choose the correct answer of (V,W) from the following:

1 1)
(@) (1,2); (b) (2,1); (©) [

Jo( }@Pﬁ}@@ﬁ}@@m@@%m>
5°2 2
3:_5_ ’O)il (k)L l(l) none of the above.

(b) (3%) If there exists an electric field E(x,y,z)= y-cos(z)i +x-cos(z)] —xy- sin(z)k . What is the

work Wz done by the field E to move the particle of charge q=«/5 along the specified path C:
F(t), =[0,11?

(@ sin(2); (b) 1; (c) sm( ) (d) ZSIH( ) @ V2 cos( ) ® V2 sm( J @ V2; 0 = J—

(1) %cos(i) §)) %cos( ) (k) 2005(;) (/) none of the above.
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12. The motion of a string is governed by the partial differential equation (PDE): uy=cs,; where u(x,t)
is the displacement of the particle at position x and time ¢, ¢ is a real constant, the subscripts #, xx
denote 6*/0¢, 8°/ax’, respectively.

(a) (5%) The following figure shows a section of the string at some instant /=¢;, please roughly sketch
the force vectors imposing on the illustrated string section.

u(x,1,)

(b) (8%) Let the string has a finite length L (0<x<L), and the two ends slide vertically without friction,
1.e. boundary conditions (BCs) are: u,(0,f)=u,(L,1)=0, where the subscript x denotes &/0x. One can
derive discrete modes u,(x,0)=X,(x)-T,(f) (functions satisfying the PDE and BCs) by using the
method of separation of variables. Please sketch the spatial profile X,(x) for the lowest three
(nontrivial) modes.

(c) (5%) In the presence of initial conditions (ICs): u(x,0)=f(x), u{x,0)=g(x), one usually expands the

solution in terms of the modes: u(Jc,t)=Z{A,l yu, (x,t), where {4,} is(are) the coefficient(s) for

mode u,(x,t), then substitutes ICs to retrieve {4,}. Although the principle of superposition works
for the PDE of this problem (u,=c*u.), it could fail in some other PDEs. Please specify those of
the following PDEs for which superposition does NOT apply.

(@) urmp(X) Uy (b) ur=p(x)Untq(x,0); () Uy=thextuy (d) w =D () ettty (€) uy= u-sirtuy ()
u=explux] i (8) um=p(,t) tho; () uy= exp[p(x,0)]-urctu.




