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1. 'Irue or false. You should give reasons or counterexamples, otherwise no credits.
(a) (3%) Let A, B,C be three n x n matrices. If A is similar to B and B is similar
to C, then A is similar to €.
(b) (3%) If A and B are diagonalizable, then A + B is also diagonalizable.

(c) (3%) There is a 3 x 5 matrix A with rank(4) = 3 and a 5 x 3 matrix B with
rank(B) = 3 such that AB is the zero matrix.

(d) (3%) Let R' be the vector space of all real 12-tuples. There is a subspace V of
R'* with dim(V) = 5 so that its orthogonal complement V+ has dimension 5 too.

2. Let U and W be two subspaces of a finite-dimensional vector space V. Let U/ + W be
the set of all vectors in V of the form w + w with u € U and w e W,

(a) (4%) Please show that U + W and U N'W are subspaces of V.
(b) (5%) Please show that

dim(U} + dim(W) = dim(U N W) + dim(U + W),

3. Let My, be the n x n matrix with 3’s on the main diagonal except the first entry which
15 1, 1’s directly above the main diagonal and (-1)’s directly below the main diagonal,
and 0’s elsewhere. For example,

[ ¢ 0 0]

-1 3 1 0 0

ﬂ"fﬁ= 'U' —1 3 1 {
O 0 -1 3 1

0 0 0 -1 3

We define D,, = detM,,.

(a) (2%) Find Dy and Ds.
(b) (3%) If n > 3, find a formula for I, in terms of D,_; and D, .
(

(¢c) (4%) Find a formula for D, in terms of n.
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4. The covariance Cov(X,Y) of two random variables X and Y is defined as

Cov(X,Y) = E[(X — px)(Y — py)]
where py and py are the means of X and Y respectively.
(a) {7%) Please show that if X and Y are statistically independent, then
Cov(X,Y) =10
(b) (8%) Please show that if X and Y have the same distribution, then

Cov(X -Y, X+Y)=0.

. (15%) A certain cancer is found in one person in 100. If a person does have the disease,

in 99% of the cases the patient will show symptom Z. However, if a person does not
have the cancer, 10% will still have the symptom Z. Determine the probability that a
person with symptom Z has the cancer. Is the probability high or low?

. (5%) Is f(2) = (2 + Z) differentiable for all z (Yes/No)? Prove your answer.

(5%) Is f(2) = |#]* analytic at z = 0 (Yes/No)? Prove your answer.

. {5%) Show all possible 2 such that sin(z) = ¢sinh(1).

(5%) Let z be a complex number that satisfies z # 1,2 = 1. Find the value of
(1+ z + 22%)°.
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10. A ning oscillator shown in Figure {a) is often used to monitor gate delays of a certain
VLSI process. The ring oscillator is composed of a series of N inverter gates, where
¥ 18 an odd number (ie., N =1,3,5,...). Because the output voltage of the series of
inverters feedbacks to the input with an opposite sign, the loop will sustain oscillation
of a fixed frequency. To calculate this frequency, we simplify the series of inverters as
in Figure (b), where each inverter is modelled as a voltage controlled current source
(gm) and a resistor (r4). And each inverter "sees” an output load of C.

(a} {107%) Please setup a system of ordinary differential equations for the inverter
output voltages (v, vo,vs, ..., and ¥,) in Figure (b). (Hint: The current passing
through the voltage controlled current source (gm} i8 gmUinput, if the controlling
voltage 1S ¥inpys. For example, the current source of the first inverter produces a
current of ¢,v,.)

(b) (10%) Please calculate the frequency of an NV stage ring oscillator. (Hint: Laplace-
transform the ODEs into the s domain and set s = jw . Solve for w.)

- - ¥ stages >

(a) A ring oscillator.

o 2 Lo Yd
Wy |5, V3

Y gmv v gmv Y gmv
\ W W

(b) A simplified model of ring oscillator.




