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. A& box contains n black balls. Al cach stage a hlack hall is
removed and a new ball, that is black with probability p and
white with probability {1-p), is put into the box. Please find the
expected number of stapes needed undil there are no more black
halls in the box. {10%)

2. Denole the owl and wood rat populations &l tme k hy Y, =

[ g; } . where k is the tfime in months, ', s the number of
owls in the region studied, and &, is the number of rats (mea-

sured in thousands).  Suppose  that { Oxet = 0.5 -0y + 0.4 R

Besi =~F- 0Oy + 1.1 By
where p is a posilive parameter 0 be specified. Please Gnd the
value of p that can let the system enter the steady state {i.e.,
]i'mlf.xni-l}'t Ir.:l'

Il —+
(0%

. a. Suppose that f{x) and g(x) are plecewise  continuous,
bounded, and absolutely integral on x-axis. Based on the
definition of fourier transform, please prove the following
convolution  theorem, { 1O5Y

FCFYagy= 2 FCFYF ()

where ¥ denotes the convolation operation and F denotes  the
fourier transform.

b. Let Fetxdbe continugus on the x-axis and f{x)—+0 as
,x ;= . Furthermore #¢x) e absohae integral on x-axis.
Based on the definiion of fourier transform, please prove
@ F{(x))=twF{fx)y |, i=F
iy F{x0r= =0 {F(x)) (10%)

& {10%] The joint probalfity densicy finction of ¥ and ¥ is given Ly

5&"""'”{._” it r <, by« o
¥ abhoerwise

fie.) = {
Fiem £]X Y.

& [10%) Show that if & mateiz £ is Lolh gn

j . itary ane Hermetls dpae g o
of L7 muat either agquai | or -1, ” vrLbian, then any sigenvaiues
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& In the complex plane, consider the funrtion flz) = {2 + 11 and the region 22 which i
the triangular region with vertices at the pointz 2 =0, 2 = 2, and z — . ["nd points

in £} where |f{2]1 has its maxinum and reinimum values.  [140%)

7 Consider the transforroation m — 4 ~io = 24 wlere z — 7 4 1,

[a] Let € be the curve v = | and rhe positive orientation of £ e the dieection of
ncreading ¥, Find and skelch che image T ol 7 inder the above transfocoiLion.

Also iradicate the corresponding positive orientation of T (5%

(k) What iz the resulting angle of rotation from © to T oat the point 2= 1407 (%

f Lot B and F' be two events in a probability spaee ({8 F, ). Please show
the following lwo stalernents:

la) {(5%) PriENF} = PriEl 4+ Pr{F} — 1.

(by {5%) If E and ¥ are statistically independent, ie. PriEn F} =

FriE} - PedF'}, then their complements E5 and F* are also stalis-
tically tndependent, i.c. Pr{E*NF°} = PriE‘} - Pr{F°}.

T Let A be an m % n real matrix and A" the transpose of A, Please show
that

(a} [3%) An n-tuple v is in the null space of the matrix A'A, e [ALA)p =
(hif and only if ¢ 15 in the null space of 4, 1.0, Ae =10

(b1 [3%] The rank of matrix A'4 is equal to the rank of matrix A.




