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Problerm $#1. 10%

&8

{a) What is the inverse Laplace Lransform of ]S_ +ﬂb . where a>0 and b0 7 {3%)

{b} Let ym(t] denote the jth derivative of y{t). Consider the initial value problem

[ 1 - .
y(t] + 121 ai:rm{t} =41, ¥ =0, i=1, 2, .., o~1, and {0} =0.
1:

Let the Laplave tramsforms of the solution y(1) and ¥t) be ¥{s) and R({s),
- respectively. What is the relationship betwoen Y(8) and Ris) ? (3%)
(¢) Same as Part (b); if the solution y{t} can be written as

t :
¥{t) = L} git—r)r{r) dr,

what ig q(t) 7 (4%)

Problem #2, 10%

Find the Fourier trangform of the following function:

1 3T, 0Kt
fit) ={

¢, otherwise
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Problem #3. 20%

Lat Xp }{2, - Kll]{} be independent and identieally distribnted {1.1.d.) Bernoulli random
variables witk parameter p, i.e., P{K1=1J = 1y fnel P{Iﬁ{1=[]] = I=p. Lat

=t W AtV Xy X )

a} Find the mean of Z, i.e., E[Z].

¢} Find the conditional expectation B[X; |2].

{
(b] Find the vartance of 2, Le., VarlZ] = E[{E—E[E]}E}.
{
(@) Find the conditional expectation E[X 1591 2].

Problemn #4. 15%

(&) Let afunction f{z) be analylic throughout 2 smply connected domaln D and les z,, be
the only zero (with order m) of Kz) in D. Show that i € is a positively oriented
{counterclockwise} simple ¢losed contour in T that encloses 2, then

Fiz
E;l'ri i:f)c th} de=m (8%
where f'(z) = di{z)/dz.

. (b} Use the result of Part(sa) to prove the following property. Let T be a simply
- connected domain throughout which a function f is analytic and f(z) # 0. Tet C
denote & simple closed contour in D, described in the posilive sense, such that fiz) £ 0
at any point on C. Then, if { has N zeros interior to O, that number is given by

i
Nzwﬁﬁcjﬂ%dz (%)




B Iy B E X B & B &

Mossz B I B L SEREREARES
RE_r 4% B B mmoase| s 4 mE3 B Emms (ERE) AES

Problem #5 10%

Let D be the differentiation aperator on the sei P> of all polynomials over real numbers of
degree € 2, Le., D{a+h1;+ﬂt2jl = b - 2et. Let 13 be the ordered basis {1,[E+1},{t-}-1}2} of

P2

{6} Please find the matrix representation [D] of D relative to the basis B. (3%)

(b) Lot B be another ordered basis {t2+t,1;~—1,t2—t+1} of PE'. Pleage find the matrix
representation (D], of D relative to the basis B' and relate {D]E to [D]B., {7%)

Problern #:6. 10%

True or false. You should give reasons or counterexamples, otherwise no credits,
(2} If A and B are two diagonalizable nxn matrices, then AB it alio diagonalizable. (2%)
th) Al divergent pequences form a subspace of Lhe vecior apace

B” = {{x) 2y J|meR, Y21} (2%)

(e} Let
I—I] -4
A=1-1 1} and b= 1.
2 -2 | 2

Then, there are more than one least—squares solutions of the linear Aystem
Ax=bh (3%)
where X I8 & 2x1 column vector.

. (d) There exists a 30x7 matrix A of rank 7 such that A has a left inverse hut no right
inverse? {3%)
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Probiera #7. 15%

Comsider the following matrix and vector:

06 0.1 0.1 20
A=j01 08 62| and 2= | 20 |.
03 01 0.7 28

(a}) IsA diagonalizable? Why ? {4%)
(5) Find the eigenvalues of A~ (2%)
() Find the eigenvalues of A°. (2%)
(&) Find 1tm A%z (1%)

k- az

Problem #8. 10%

Assume ihat X and Y are independent random variables with probability density fanction

(p.d.i.) :::e"m{, x>0 gnd e 7, ¥20, respectively, whore -l’:}ﬂ; Lot Z=X—Y. Please find the
nd.f., mean and variance of Z.




