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Notation: In the following questions, underlined letters such as a, b, etc. denote column vectors
of pi'oper length; boldface letters such as A, B, etc. denote matrices of proper size; A" means
the transpose of matrix A. I, is the (n x n) identity matrix. ||a| means the Euclidean norm

of vector a. R is the usual set of all real numbers; C is the usual set of all complex numbers.

By A € R™*" we mean A is an m X n real-valued matrix. u(z) is unit-step function defined as
u(z) = 1if z > 0 and u(z) = 0 if x < 0; * is the convolution operator; & : f(z) — F(s) and

| -1 . F(s) — f(z) denote the unilateral Laplace and inverse Laplace transtorms tor z > 0,

respectively.
—+ Let H=1,—-2uu', where u € R* n > 2 and lul| = 1. Which of the following statements

is/are true?

A) The matrix H is both symmetric and orthogonal.

Both 1 and —1 are eigenvalues of H.

(A)
(B)
(C) det(H) = 1.
(D)
(E)

D) Trace(H) =n — 2.

None of the above.
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-+ Two square matrices A and B are similar, denoted by A ~ B, if B = P7'AP for some

pl—

nonsingular matrix P. Which of the following statements is/are true”

(A} Two similar matrices always have the same set of eigenvalues, including multiplicity.

(B) Two n X n matrices having the same set of eigenvalues, including multiplicity, are

similar.
(C) Any two square matrices with the same trace and determinant are similar,

(D) If A ~ B, then p(A) ~ p(B) for any polynomial p(z).

(E) None of the above.

= Let A=zy', wherez and y are two nonzero vectors of R™, n > 1. Which of the tollowing

statements is/are true?

A) rank(A) =1 and the range space of A is Span{y}.
B

nullity(A) = 2 and the null space of A is Span{z,y}.

D} A is always diagonalizable.

(A)
(B)
(C) Trace(A) =1 and det{A) =0
(D)
(E)

None of the above.
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g~ Let A = QQT +QQT} where £ and y are two nonzero orthonormal vectors of R™ and n > 2.

|
Which of the following statements is/are true? |

| (A) Both z and y are eigenvectors of A.
(B) Trace(A) =1 and det(A) = 0. l
(C) A is not diagonalizable.

I (D) The least square solution of Az = b, where b is a vector in R”, is (b'z)z + (QT_y_)g_.
(E) None of the above.

# -+ Let A)B € R, and {u,...,u,} be an orthonormal basis for R™. It is known that
(A, B) = Trace(A ' B) is an inner product. We denote A L B if (A, B) = 0. Which of

the following statements is/are true?

(A) Let z,y,w, z be four nonzero vectors of R™. Then wz' L zy itandonly fw L z

and 2z 1 y.

(B) The set B; := {u w! i, i=1... ,n} is an orthonormal basis for R™**™.

—1 =3

(C) The set

-
iUy U U, o
Bo = {_EE_IT"‘_ J / :1_’\_"L<j_<_’n} I

V2

is an orthonormal basis for the real vector space S = { AcRV™: A = AT}.

(D)} The set
= : 1 < n
3 /2 = J =
is an orthonormal basis for the real vector space S9 = {A cR™n A =—-ATY
(E) None of the above. }
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The system of linear equations Az = { has

O

A =

|

3
6 }

1
45

Which of the following statements is/are true?

A) rank(A) + nullity(A) = 3.

B) ATAisa symmetric 2 X 2 matrix.

(A)
(B)
(C) The nullspace of A has two linearly independent vectors.
(D)
(E)

AT A is an invertible matrix.

D

E) None of the above.

Continued from Problem =%, which of the following statements is/are true?

(A) The matrix A has the same row space as the tollowing matrix

(B) det(AA'") =0.
(C) Let p be the projected vector of b onto the column space of A. The Euclidean distance

between b and p is zero.

(D) There exists a (3 x 2) matrix C such that rank(CA) = 3.

(E) None of the above.
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A~ Continued from Problem -5, let B1 be a (2 x 2) matrix and consider the system BAz =

B.b. It is known that

L | 1 )
D
B{b = ; andz =1 0
- 0

Which of the following vectors can be column vectors of By’

. — —

(A |
._O_
B |0 +
| o
o |1
_l_l
o
o |

(E) None of the above.

4, - Given the matrices

M].: ) M2= ) M3=

which of the following statements is/are true?

(A) M;, My and Mg are linearly independent over R in R**?. |

(B) The span of {Mj, Mz, M3} is the set of all (2 x 2) real matrices.

(C) The set of all Hermitian (2 x 2) complex-valued matrices 1s a subspace of the span ot

{Ml,Mg,Mg} over C. 4

il

(D) Any linear combination of My, Mz and M3 can be diagonalized over C.

(E) None of the above.
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4+ + Continued from Problem 7, let B = 3M; +4Mj + M3 and C = B4 —4B3 - 9B* +27B +

111,. Which of the following is/are true’

r— vy

0 0
(A) C =
_OO—I
S
(B) C =
1-04_4
-
(C) C=
l.-.lo_.
3 1
D) C =
D) o

(E) None of the above.

+— Solve the first-order differential equation z*y'(z) + zy(z) In(y(z)) = rzy(x). Which of the

{

following statements is/are true’ |

- |

B

(A) This is a homogeneous and linear differential equation.
(

y(z) = 0 is one particular solution.
T

2

(

r = (0 is also a solution.

D

)
)
) y(z) = exp(l) is another particular solution.
)
)

(
(E

None of the above.
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Continued from Problem 4 —. Given the initial condition y(a) = b, which of the following

statements is/are true’

A) No solution if a = 0.

3) A unique solution if b=a>0.

D

(A)

(B)

(C) More than one solution if b = exp(1) .
(D) A unique solution if a # 0 and b > 0 .
(E)

—y
F

None of the above.

The second-order linear differential equation (1 — z2)y (z) + 2zy'(z) — 2y(z) = f(z), for |

1 < 2z < 1. To ind the homogeneous solution, i.e. f(z) = 0, given one solution 1 (z) =z,

the other linearly independent solution yo(z) can be derived by setting ya(z) = v{xy(z).

Assuming v(z) satisfies v(1) = 2 and v(2) = %,

v(z) is/are true?

which of the following statements about
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+vg + Continued from Problem -+ =, find a particular solution for f(z) = 1 — z? by the method

of variation of parameters, i.e., y,(z) = ui(z)y;(z) + uz(z)y2(z), where y;(z) and y2(x)

are obtained from Problem -+ =. Which of the following statements regarding u;(x) and

uz () can be true?

(A) wi(z) =1In(1+z)—1n(l-2z) -z
(B) wp(z) =In(1 +2z)+ In(1 — z).

(C) wy(z) =z + &

(D) wup(z) = —%-.

(E) None of the above. |

1

+ £ - Solve the initial value problem of (2z —z°)y (z) —5(z —1)y'(z) — 3y(z) = 0 with y(1) = 0
and y'(1) = 1 by power series of the form y(z) = > 5 cp(z —1)™. Which of the following

statements regarding the recurrence relation as well as values of coefficients ¢, is/are true?

!
(A) cay2 = Eiﬁcn |
(B) cs =
(C) Cs = il i #;
D) cg = 22 - | : '
(D) ¢ = 125 O, 2k ﬁ-—f—-;ieﬁ;* Z
(E) None of the above. ° Al -/
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Let y(z) = |y1(z) ya(z )]" and consider the following system of first-order differential

equations

i

1

statements is/are true?

Assuming y(0)

(A) Yl(l) — %

(B) Y1(6) = 33

(C) V(7)) = Ya(7) = 1
(D) ¥ig) =0

(E) None of the above

Continued from Problem -+ 7=, which of the following statements regarding the solution

y(x) is/are true’
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E) None of the above.

— 17, let Y(s) = [V1(s) Ya(s)]" = & {y(z)}. Which of the following

limg oo (y1(z) — Y2(2)) = 3

e L minl——
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+ A~ Let y(z) be areal-valued function satisfying the following second-order differential equation

i

y (z) +y(z) = f(z)

Assume y(0) = 4'(0) = 0 and f(z) = ) 5o ul(z —nm)sin(z — nm). Which of the following

statements is/are true?

None of the above.

-_'1
|
-

A

(A) y(z) is a periodic function with period .

(B) y(z) has a Fourier-series representation for all z > 0.
(C)y(3) =12

D) v (3) =%

(E)
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+ /L~ Let f(xr) = %5+ and

r

It is known that g{z) has the following Fourier series representation

§(z) = i (aﬁ, cos (ﬁ%) + by sin (n,? g;>> |

n=0

with minimal period 7" and Fourier series coefficients a, and b,. Which of the following

statements is/are true?

e

-

| |

4

B

-

4:

)
)
) §(2m) = .
)
) 1

2

00 2 _ 5.2
ana + by, = g

D

None of the above.
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~ 4+« Continued from Problem -+ 7. Consider the following boundary value problem for the

bivariate function y(zx,t)

v o

§y(f, t) — 52:2 y(fﬁ t)

for z € (0, 7) with initial conditions y(0,t) = y(rm,t) = 0 and y(z,0) = z f(z), where f(z)

is given in Problem -+ #.. The solution y(z,t) can be representation in the following form

= Z che %tsin (en )

n >0

for some ¢, dn, e, € R. Which of the following statements is/are true?

(A) a1 = -f;

(B) c3 = 1.

(C) d3 =

D) ez =

(E) None of the above.




