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1. (10%) If n is a positive integer and » > 1, prove that C(n, 2) + C(n-1, 2) is a perfect square.

2. (10%) In how many ways can a dozen apples be distributed among five children so that no child gets
more than seven apples?
3. (10%) Let4, B, Cc U. Provethat(d " B)w C=4n (Bu C)ifand only if C c 4.

4. (10%) Please answer “True” or “False” for the following statements about finite state machines.

(4a) The language L = «{akfﬁé";f k> 1} is a finite state language. (2 points)

(4b) The language L = {0* | k=2,i>1} is not a finite state language. (2 points)

(4¢) The language L = {(01)' 1¥/i 21, =1} is not a finite state language. (2 points)

(4d) Nondeterministic finite state machines are more powerful than deterministic finite state machines in
the sense that there are languages that can be recognized by a nondeterministic machine but cannot be
recognized by a deterministic one. (2 points)

(4e) In the following finite state machine, C and F are equivalent states, [ and G are equivalent states, and

E and H are equivalent states. (2 points)

FA Input
State 0 i Output
4 B o 0

B F D 0

C G E 0

D H B 0

E B F I

F D H 0

& E B 0

H B C 1

5. (10%) Please answer “True” or “False” for the following statements about trees.

(5a) Any edge of a connected graph G is a chord of some spanning tree of G. (2 points) (Note: A chord of a
tree is an edge of the graph that is not in the tree. The set of the chords of a tree is referred to as the
complement of the tree.)

(5b) Any edge of a connected graph G is a branch of some spanning tree of G. (2 points)
(5¢) There are 15 spanning trees in a complete graph with 4 distinctly labeled vertices. (2 points)

(5d) There must be a cut-set that has no common edge with a spanning tree. (2 points)

(5d) For a regular n-ary tree, we have £ = (n - 1) I + ni, where i denotes the number of branch nodes, £
denotes the sum of the path lengths of the leaves in a rooted tree, and 7 denotes the sum of the path lengths

of all the branch nodes. (2 points)
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6. (8%)
(6a) Find a minimum cut of the following transport network. Use the notation (S, T) to denote a cut that

divides the vertices into two subsets S and 7, where the subset S contains the source and the subset 7
contains the sink. (5 points)
(6b) What is the largest possible value of a flow in this transport network? (3 points)

7. (7%) Assume that # cities are connected by a network of k highways. (A highway is defined to be a road
between two cities that does not go through any intermediate cities.) Show that if

k>=(n-1)(n- 2). then one can always travel between any two cities through connecting highways.
A

8. (’? 0) Use the procedure invented by Huffman to construct an optimal tree for a given set of weights: 1,
2,3,4,5,6,7,8,9, 10,

9. (8%) Determine a minimum spanning tree for the following graph.

b 1 e

a g

10. (10%) What is the generating function fo

S UQ

r a,=3", r207 Use the method of generating functions to
find the convolution a*b, where a, =3’ z‘md f}, =2", rz0.

11.(10%) Derive an explicit expression for Fibonacci numbers F,, which satisfy £, =0,7, =1, and
Fo=F_ +F_, foriz2




