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I. Answer the following questions.

1. (20%) Suppose an urn has r red ballsand 5 black balls, A ball is drawn and its color noted. Then the
drawn ball together with ¢ balls (¢ > 0) of the same color as the drawn ball are added to the urn. The
procedure is repeated many times. Thus, at the % th draw, there are b+ r + c(k —~1)balls in the urn and
we assume that the probability of drawing any particular ball is 1/(b + r + c(k -1)).
(a) (5%) Find the probability that the 2™ ball drawn is red.
(b) (5%) Given that the 2" ball drawn is red, find the probability that the first ball is red.
(¢) (5%) Given that the 2" ball drawn is red, find the probability that the first ball is back.
(d) (5%) Find the probability that the 3™ ball drawn is red.

2. (15%) Let X and Y be independent random variables each having the uniform density on
f ;
{01+, N},

(@) (5%) Find P(X > ).
(b) (5%) Find the density of max(X,V).

(¢) (5%) Find the density of X +7 .
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IT. Answer the following questions.
1.(15%) Let X and Y be two random variables with their joint probability density function given by

6x107 exp(~0.001x - 0.002y) 0 < x < y

0 elsewhere

S (X, ) = {

(a) Derive the marginal probability distribution of X. (b) Compute the mean of the random variable X. (¢)
Compute the probability that Y exceeds 2000 given that X takes the value 1500, Use ¢ = 2.7 in your
calculation if needed.

2.(10%) X, X, ..., X, are independent continuous random variables with means 1, uo,..., 1o and
variances {TEZ,G"?;“A}‘E . respectively. Let a random variable Y be defined by
Y=aX +a,X,+ - +a,X,, where ,4,, >, a, are real numbers. (a) Compute the mean and variance of

the random variable Y. (b) Assume the moment generating function for X; is exp(yfm;;aff“} for

i=1, ..., n. Derive the moment generating function for Y.

3.(10%) Let X be a normally distributed random variable with zero mean and unit variance, ie. its
probability density function is given by

1 - ‘;
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A random variable Y is defined to be Y = X2 What is the probability density function for Y? Show your
derivation.

f){ (x) =
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ITL. Answer the following questions.
1.(10%)

Let X be a Rayleigh probability distribution having the following density function

3
x —x° ‘ .
f(x)= —exp( Py ), x20, where s>0 is a fixed number,
s 2s5°

= (), otherwise.
(a) Compute the mean of X,

(b) Compute the variance of X,

Hint: Define T (x)= f e”'t*dt , thenT {-é )= Jr .

2.(20%)
A bucket contains four balls numbered from 1 through 4. The balls are selected
one at a time without replacement. A match occurs if ball numbered k is the kth

ball selected. Let the event A; denote a match on the jth draw, where i = 1,2,3 4.
Show that

(@) P(A) = 31/41, i=1,2,3 4.

(D) PANA))-21/41, 1 £ /< j<4.

@ PANANAY= 114!, 1 =/< j< k=4,

(d) The probability of at least one match is
PAJUAUA;UA,) = 1- 1721 +1/31 -1/41,

(e) Extend this problem so that there # balls in the bucket. Show that the
probability of at least one match is
PAAJUA U UA,) = 1- 120 #1731 -1/41++(-1)™ 1.

(f) What is the limit of the probability as » increases without bound?




