o W ® KR B @ E

Fu b TERAER EIA SR (F) ek iR e ok e
BLE _ELupsEtenies Rk 2701 4t 4 B85 1 BT e [EEA1NES

1. (8%) Assume a tree T has E edges where E is an even integer number. Removing
one edge from T yields two disjoint trees T1 and T2. Given that the number of
vertices in T1 is equal to the number of edges in T2. Determine the number of vertices
in T2 and the number of edges in T1. |

2. (8%) Let M be a finite state machine (FSM) as shown in Fig. 1. Each state in M,
except for S1 and S9, has certain delay units as shown in Fig. 2. Find the

maximum-delay mput sequence that takes M from S1 to S9. Note that each state can
be only traversed once at most.

Prasent Mexi State
Stato
Input 0 1
51 a2 853
82 sS4 52
53 55 54
5S4 56 58
55 57 52
56 S8 57
57 50 53
58 52 S5y
58 55 53

Fig. 1

State 82 [ S3 | S4 | 5B | 56 | 57 | &8

Delay 2 1 3 3 1 3 2

Fig. 2

3. (8%) For n = 1, show that 1f n = 64, then # can be written as a sum of 5’s and /or
17’s.

4. 5%y LetA={1,2,3,4, 5}, B={w,x,y,z}, /1 ={2,3,5} cdand g: 4, > B.
In how many ways can g be extended to a function £1 4 - B.

5. (5%) Let 4 be a sct with |4| = n, and let R be a relation on 4 that is antisymmetric.
What 1s the maximum value for |R|?

6. (12%) Let a, denote the number of edges in a complete graph on » vertices.

{a) (4%) Derive a recurrence relation for ¢, intermsof «,_,.
(b) (8%) Use the generating functions to solve the recurrence relation.
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7. (4%) S 1s a finite alphabet. Let A denote the set all nonempty strings of letters
from §. Let 4+ be a binary operation on A4 such that for any two strings ¢ and
b in A, a+b yelds a string which is the concatenation of strings ¢ and &.
Show that (A4,+) is a semigroup.

8. (8%) We want to count the number of possible paths moving from row 1, column 1
to row &, column N in a two-dimensional grid. Steps are restricted to going up or to

the right, but not diagonally. The following illustration shows three of such paths,
when N = 10:

10

(a} (4%) The following function, NumPaths, is supposed to count the number of
paths, but it has some bugs. Debug the function. (Note: The LOC (line of code)
of the corrected version should <10. LOC >10 is not accepted).

Int NumPaths (int row, int col, int n)
{
1f {(row==n)
return 1l;
alae
1f {(col == n)
return NumPaths + 1;
alsa

return NumPaths{row + 1, col} * NumPaths (row, col + 1);
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(b} (4%} After you have corrected the function, trace the execution of NumPaths
with n=4 by hand. Is this algorithm efficient? If so, briefly explain why, If
not, how the efficiency of this operation can be improved?

9. (3%) A very large array of elements is to be sorted. The program is to be run on a

general personal computer (PC) with limited memory. Which sorting algorithm
would be a better choice: Heap Sort or Merge Sort? Why?
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10. (6%) Given an tnitial sequence of numbers as shown in the following array.

T T N A S PN R A

0 1 2 B1 4 81 6l 71 i8] 19

Select sorting algorithms that would produce the following results after four iterations.
Possible sorting algorithms are heap sort, quick sort, merge sort, insertion sort,
selection sort, bubble sort. (Note: Explanation 1s needed)

(a) (2%)

o 0l R B 4 B B 7 (8 9

(b) (2%)

1 a2 ]2a]2a]e0]47]2

13
o] [ [ 11 M 1 el 71 (8 19
(¢} (2%)

& 17

o) i1 21 (31 [ 81 6] {71 18] (9]

11. (5%) (&) Describe a model for the following scheduling problem. Given tasks T1,
T2, ..., Tn and a set of constraints, each of the form “Ti must be completed prior to
the start of T}, find a schedule of tasks satisfying all the constraints. (b) For the above
model, describe briefly how to find a legal schedule of tasks.

12. (9%) Exhibit a data structure to represent directed graphs with positive weights
associated with edges. The vertices are numbered from 1 to n and the edges from 1 to
m (n and m are given). Your structure should support the following operations:

opl: Adj (v): given vertex v, return a list of all vertices adjacent to v, 1.¢., all w such
that <v, w> 1s an edge of the graph.

op2: End (e, 1): given edge e=<v, w>, return v if i=0 and w if i =1

op3: Weight (e): given edge ¢, return the weight of e

op4: Oppweight (e): given edge e=<v, w>, return the weight of the edge <w, v>
(return —1 if <w, v>> 1s not an edge).

Operations op2, op3 and op4 should take O(1) time; operation opl should take O(k)
time, where k is the number of adjacent vertices. The representation of the graph
should use at most O{m-+n) memory. (a) (4%) give the data structure (b) (5%) explain
why your representation meets the space constraint and time constraints of the
operations. Do not worry about initialization: the graph is given in the representation
chosen before your algoﬁthms are called.
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13. (4%) Let a graph be dented as G=(V, E). Discuss how to test if the graph is
connected in O(|V| + |E)).

14. (15%) A clock tree 1s a general tree in which each node n; is associated with a size
size(n;) and delay delay(n;). Delay(n) is in turn a function of the sizes of every
immediate child of node n; and n; itself. That is, delay(n;)) = size(n;) + X size(n;)/
s1ze(n;), where n; is a child of n;. Assume both size and delay are unit-less, The path
delay from the root to a node is defined as the summation of delays of all nodes along
the path. The skew of the clock tree is defined as the difference between the longest
path delay and the shortest path delay among all root-to-leaf paths. Write a recursive
procedure (in pseudo code) that compuies the skew of the clock tree.

Depicted below 1s an example clock tree. The table followed shows the computation
that gives skew 16 - 10 = 6.

OXC
(©

Node [ Size | Node Delay Path Delay | Comment
A 1 1+(2+1+3)Y/1=7 | 7

B 2 2+4/2=4 7+4=]1

C 1 1+(2+3)/1=6 7+6=13

D 3 3+0/3=3 7+3=10 Shortest root-to-leaf path
E 4 4+0/4=4 T+4+4=15

F 12 12+0/2=2 7+6+2=15

G 3

3+0/3=3 7+6+3=16 | Longest root-to-leaf path




