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1Li10%) Let Cfa, 5] be the vector space of all continuous functions on [a, &] with
(f+eX¥x)=Fx)+gix), and (fFgixd=F{xyrix). Let V be the subspace of
Cla, b] spammed by {1, ™, £*] and let 1) be the differentiation operator on
V.

{a) Find the transitiop matrix § representing the change of coordinates from

X -X
11, ¢, ¢*] to [1, sinhix), coshix)], where sinkix)= d ; andd
X -X
cosh(x) = < -I_;

(b) Find the matrix A representing D wilh respect 1o [1, 75, ¥].

-3 1 0
1 =3
0 0

{(a) Find the eigenvalies and corresponding eigenvectors of matrix A3

2015%) Let A be g matrix defined below.

A=

{b} Find the exgenvalues and corresponding eigenvectors of matrix AL

aa &
{c} Evainate e, where e? is defined a3 ¥ -‘%—1-

k=]

3.010%) Let D2, R®*" be defined as

y if is)
D)) =4 -1 if |i~jl=,

efsewhere,

(a) Write down D ,?
(by Show that}f3,] = 20, _{| 12, ol for n 23.

(¢} ¥ind the determinant of D .
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4.(10%)

5.(54%)

6.04%)

H
Let A=(a;) € R*™ and x =[x 1, ¥, ..., %,]". Define |ixfl; = ¥ Ix;] and defline

=1

T
Al = sup 1A, Show thatllAfh = max [ 3 |ay1}.

1= 12§2n =1
Lot x, be R™ and Ae 8", Define £{x)}=x'A'Ax —2b'x + b'b. Find V),
the gradient of f.

A farmer necds (o irrigate the fields in which his crops are growing (A map of
the fields is given belaow in which the fileds are the enclosed areas and edges
represent earthen walls between the fields). Because he lacks modern cquip-
ment, his method of rripaiton 13 o break holes in the walls and let water from
the outside cover the entire field. He wants o irrigate each field and to break as
few walls a8 pussible. [n how many walls should be break holes? Please give
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7.06%) Do any two spanning trees tor a connected graph always have an edge in comm-
mon? If so, give a proof. If not, give a counterexample.

8.(9%) The complement of & simple graph & is the simple graph & with the same ver-
ticcs as §. An edge exists in &7 if and only it it docs not exist in (7,

(a) Determine whether the following graph & and 115 complement are 150-
marphic. Please give your reason.

(b} Can you find a sumple graph (& with 6 or 7 vertices such that ¢ and s
complement are isomerphic? If so, draw the graph. If nol, give your rca-
SO0,

9.06%) Let d(x) denote the namber of positive integers not greater than x and relatively
prime to x, for examples, $(2) =1, 6{3) =2, $id) =2, p(5) =4, &{6) =2, Find
§{715).
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10.(10%} Show that among sn+1 integers less than or equal to 2a there are two of them
that are relatively prime.

11.(15%) For the graph given below.

(@) Determine the number of directed paths ol length 5 that start from vertex a
and end at vertex .

tby  Determine the number of directed paths of lengih 6 that start trom vertex o
and end at vertex .

(¢} Determne the number of dirccted paths of length r with n27 that start
from vertex g and end at vertex d,




