IO® ¥ X ® @ @ O%

g o,

NosEg 53 %rﬁ EEHTHREASER
we TR IY  aw ﬁ?t?ﬂtf 3 2 EE_— B JEES (EER) Ak
1. (7%) |
(2} Find the mairix thaf represents reflections thmugh the onifmn in three
diinensions,
(b) Find the manix that represents reflections through the xz plane in
three dimensions.
2. (18%)

(a) Find the eigenvalues and a set of eigenvectors of the following
matrix, whick happens to be depenerate:

—
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M= f/’ ,45 ol

2

.

(b} Find the spectrum decomposition of matiix A4
(¢) Find the eipenvalues and corresponding eigenvectors of AL

3. {16%)
Gtve the probability density function of the randem variable X having
the following distributions and compute the comresponding siean and
varianee for each distribution.

(a} a binomial distribution,

(b} a Poisson distribution,

(c} an exponential distribution,

{d) a normal distnbution.

4, (9%)
Let Y be a muliivariate normal distribution with mean vector v and
covartance matrix € and lef 4 be a matrix defined as follows,
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{a) What is the density function of Y7
{b) What 15 the density function of A(Y —u)?
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5. (3%)
What is wrong with the following argument that attempts to show that if
R 13 arelation on a set S that i both symimeiric and transitive, then R is

- also reflexive?

Since x R p implies y R x by the symmetric property,
x Ry andy R x imply x R x by the tremsitive property,
thus, x R x is true Jor each x in S, and so R is reflexive.

6, (10%)
s the following argurent true or false? Please prove or disprove it.

Let (A, *) be a group aid B a subsef of A. I B is a finite set,
then (B, *} is a subproup of (A, *) if * is a closed operation on B.

7. (18%)

The complete tripartite graph X, mn 18 defined as follows: There are
three sefs of vertices, X, Y, Z, with [X| = /, |Y| = m, and {7} = n. Two
vertices are connected by an edge if and only if they lie in different sets.
The graph £, , is illustrated as follows.

(a) How many edges does X, have? _
{b) For what values of 7, m, and n is & {1 PlEDALY
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8. (5%) |

Prove the Vandermonde's convolution

i AT
3. (10%%)

Use the technique of generating functions to solve the Fibonacci
recurrence as follows,

Define the generating fanction F as

F{z)=Y Fz1,
1=0
where F's are the Fibonacel numbers defined by the recurrence:
Fo=0F =L E=F_ +F_ fori>1,

{a). Show that /" (z) = z + zF(z} + 22 F ().

(b) Show that F(z) = TE 1 - j&},

wherreﬁ:l—z£ dg_l .J_

{¢) Show that F(z) = ZJ_{@’J' ;fi )z

=i}

(d} Prove that F, = ¢ / /5 for / > 0, rounded to the nesrsst integer.

() Prove (hat fr and foriz 0. That is, Fibonacci numbers ErOwW
exponentiaily.

10. {10%)
{ive an asymptotic bound for 71k is each of the fnllnwmg recItT ences,
and Justify your answers. Assume that T(n} is constant for n < 2.

(2) T(M=T(n-1+1/n.
) T(#) =nT{n)+ n.




