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1. (10 points) Consider L = {an b n} and the statement 

S= :3 integer m (Vstring w E L, lwl 2:m (:3xy z = w (Vn (xy n z EL)))). 

Write the statement of ,s (the negation of S). 

Hint:-, S= (_ integer m ( :3 string w E L, lwl2:m (_xy z = w (_ n (_ )))) 

2. (5 points) (a) What is a spanning tree? 

(5 points) (b) Given an undirected, weighted graph in Figure 1, what is the 

minimum spanning tree (MST)? 

( 5 points) ( c) Describe the sequence of adding edges to form the MST of the graph 

in Figure 1 using the greedy Kruskal's algorithm. 

C 

Figure 1 A weighted Graph 

Hint: (1) AD (2) _ (3) _ (4) · _ (5) _ (6) _ 

3. (8 points) Use the Euclidean algorithm to find the greatest common divisor of 

167,076 and 1,928,737. 

4. (5 points) Five people occupy five seats. If five seats are arranged in a circle, how 

many different ways can the five people select their seats? 

5. (4 points) Let G = (V, E) be a graph. If Vhas twelve members, in which four 

members each has a degree of three, and the degree of each remaining member is 

five, how many members does E have? 
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6. (8 points) A class at a college consists of 19 students who sit at a circular table. 

The instructor wants each student to sit next to two different classmates each day. 

For how many days can they do this? 

7. (2 x 5 points) Please find the tight asymptotic upper bounds of the following 

recurrences in big-0 notation and also justify your answers. 

(a) T(n) = T(n-1) + 2n 

(b) T(n) = 2T(n-1) + n 

8. (8 points) Given a sequence of n integers A = ( a11 a 2, ••• , a1i), the longest 

increasing subsequence problem is to find a longest subsequence 

( ai1 , ai2, .•. , aik) of A such that i1 < i2 < ··· < ik and ai1 < ai2 < ··· < aik· 

For example, (1,2,5,8) is a longest increasing subsequence of (4,1,7,5,2,5,8,4). 

Please use the dynamic programming technique to design an O(n2
) time 

algorithm for solving the longest increasing subsequence problem. Please also 

justify your algorithm and its time complexity. 

9. (7 points) Given a set S of n numbers, the k-partition problem is to determine 

whether or not S can be partitioned into k subsets of the same sum. For 

example, let S = {1,2,9,12,18}. Then for the two-partition problem, we indeed 

can partition S into two subsets S1 = {1,2,18} and S2 = {9,12} such that the 

sum of all elements in S1 equals to the sum of all elements in S2 • In fact, it can 

be proved that the two-partition problem is NP-complete. In the situation where 

the two-partition problem is already NP-complete, please prove that the 

three-partition problem is also NP-complete. 

10. (4 x 2 points) True or False Questions. If your answer is False, please briefly 

justify. (No point is given without justification if the answer is False) 

(a) Iff(n) = O(g(n)), we can say that g(n) 2: f(n) for n > 1. 

(b) Merge Sort has worst-case time complexity O(n log n), while the worst-case 

time complexity of Insertion Sort is O(n 2). One weakness of Merge Sort is 

that it requires additional space. Therefore, if space allows, we should always 

use Merge Sort for better efficiency. 

( c) Searching a specific key in a binary search tree takes O(log n) time, where n 

is the number of keys in the binary search tree. 
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(d) Given the pre-order and level-order traversal sequences, we can construct a 

unique binary tree. 

11 . (2x4 points) Given the A VL tree below, please answer the following 

sub-problems. 

Figure 2. The given A VL tree. 

(a) Please sequentially insert the following keys into the given AVL tree: 17, 19, 

18. Please show the final result of the A VL tree after all the keys are inserted. 

Only the final result is needed, no step-by-step illustration is required. 

(b) Continue with the previous sub-problem. After the keys in sub-problem (a) 

are inserted, please sequentially delete keys 25 and 17 (when deleting a 

non-leaf node from the AVL tree, please replace it by the node with the 

largest key in its left subtree). Please show the final AVL tree only (no 

step-by-step illustration is required). 

12. Given a connected and weighted graph G = (V, E), where all the edge weights 

are positive integers. The eccentricity e( v) of a vertex v E V is the greatest 

shortest path distance between v and any other vertex. That is, 

e(v) = maxuevd(v, u), where d(v, u) denotes the shortest path distance 

between vertices v and u. For example, in the following figure, 

e(b) = max{d(b,a1d(b,c),d(b,d)} = 9. 
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Please answer the following questions. 

(a) (3 points) A center of a graph is a vertex that incurs the minimum eccentricity. 

That is, a center c is defined as: c = argminvevE(v). Is it possible for a graph to 

have more than one center? If yes, please provide an example; If no, please 

provide a proof. 

(b) (2 x 3 points) In contrast to the center, which must be a vertex, an absolute center 

is a point that can be on an edge or on a vertex, such that its maximum shortest 

path distance to all vertices is minimum. Take the following graph as an example, 

the point x is an absolute center, because the shortest path distances from x to 

vertices a, b, c, dare 6.5, 2.5, 6.5, 2.5, respectively. That is, the maximum 

shortest path distance fromx to all the other vertices is 6.5, which is minimum 

among all possible cases. 

Given the definition of the absolute center, we know that there may be multiple 

absolute centers in a graph. So, please answer the following questions. 

(b-i) If there are multiple absolute centers in a graph, can all of them be on vertices, 

i.e., no absolute center is on an edge? If yes, please provide an example; If no, 

please provide a proof. 

(b-ii) If there are multiple absolute centers in a graph, can some of them be on vertices, 

and some of them be on edges at the same time? If yes, please provide an 

example; If no, please provide a proof. 


