3L -1 3 X 2 P R 4K
96 % & A % (A7) Z 4 A8 P A G H R

B AGEmAR  saxs 2002 # > A% | B s [KEEF]AKS

1. (5%) Using mathematical induction, prove that for all n > 0
Y +2)x 2N =(n+1)x "
i=0

2. (3%) (a) Let A, B, C be three subsets of a universe U. Represent on a Venn
diagram the set:

(AUBUC)NUNBNC)

(3%) (b) In a group of n boxes, 10 are red, 5 are square, and 12 are square or red

(or both). How many boxes are square but not red ?

3. (4%) How many isomorphic unrooted trees are there with five vertices.

4. (20%) Consider a cycle of length »n with vertices VisV,o-V, -V, 18 adjacent to

y, for 1si<n-1 and 4 is adjacent to 1. We would like to assign one of k

colors to each vertex in the cycle such that adjacent vertices get different colors.

Find the number of ways of doing this (as a function of n and k).

5. The 26 letters 4,8,C . . ,.Z are used to form strings of length » (n is some given
positive integer.
(a) (5%) how many strings containing the letter 4 can be formed ?
(b) (5%) how many strings can be formed if we do not allow repetitions ?
(¢) (5%) how many strings sorted in alphabetical order can be formed
(repetitions allowed)?

o

- (10%) Demonstrate the insertion of the keys 5, 28, 19, 15,20,33,12,17, 10 into a
hash table with collisions resolved by chaining. Let the table have 9 slots, and let
the hash function be A(k) = k mod 9.
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7. (10%) Suppose that we have numbers between 1 and 1000 in a binary search tree
and want to search for the number 363. Which of the following sequences could

not be the sequence of nodes examined? Please explain your answer.
a 2,252,401, 398, 330, 344, 397, 363.
b 924,220,911, 244, 898, 258, 362, 363.

¢ 925,202,911, 240, 912, 245, 363.
2,399, 387, 219, 266, 382, 381, 278, 363.
935,278, 347, 621, 299, 392, 358, 363.

8. (10%) The incidence matrix of a directed graph G = (V, E) is a |V] x |E] matrix
B=(b;;) such that

-1 ifedge j leaves vertex i,
b= 1 if edge enters vertex i,
0 otherwise.

Describe what the entries of the matrix product BB’ represent, where B’ is the
transpose of B.

9. (10%) Dijkstra’s algorithm for the single-source shortest-paths problem 1is as
follows.

Dijkstra(G,w,s)

1 Initialize-Single-Source(G,s)
2 §«0

3 @« V(]

4 whileQ+#0

5 do u — Extract-Min((Q)
6 S SU{u}
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7 for each vertex v in Adj[u]
8 do Relax(u,v,w)

Suppose we change line 4 of Dijkstra’s algorithm to the following.
4 while [Q] > 1
This change causes the while loop to execute |V]-1 times instead of |V] times. Is this

proposed algorithm correct? Please explain your answer.

10. (10%) Draw a picture of the sequence <13, 4, 8, 19, 5, 11> stored as a doubly
linked list using the single-array representation and multiple-array representation,

respectively.




