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. (15%) The linear operator L defined by L{p(z)) = p'(z) + p(0), where P'(z) denotes

the derivative of p{z), maps Py into P;, where P, is the space of all polynomials of
degree less than n.

(2) (79%) Find the matrix representation of L with respect to the ordered bases
{z?, z, 1} and {1, 1 - z}.

(b} (4%) Let p(z) = z* + 2z ~ 3 in Py; find the coordinates of L(p(x)) with respect
to the ordered basis {1, 1 —z}.

(¢) {4%) Repeat (b) for g(z) = 42% + 2z in P,

. {15%) Given the vector space C[—1, 1] with inner product {f, g} = ', f(z)g{z) dx

and norm [[f]| = ({f, f))'/%, where C[-1, 1] denotes the space of all real-valued
functions that are defined and continuous on the closed interval [-1, 1].

2] (4%) Compute (1, ).

(b) (4%} Compute [|1 and ||z]].

(e} (7%) Find the best least squares a.p]:;ru:n‘nmtiun to '/ on [—1, 1] by a linear
function {(z) = c; + cpz.

. (10%) Solve the following initial value problem:

¥ =35 + 41
¥a =3 + 2

. (10%) Let

= =
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Find e4,
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5. (15%) Suppose that by any time t the number of people that have arrived at a train
station is a Poisson random variable with mean At. If the initial train arrives at
the station at & time {independent of when the passengers arrive) that is uniformly
distributed over (0,T), we are interested in the number of passengers that enter the
train. It is assumed that all the passengers that arrive at the station before the initial
train would enter the train.

(2) (7%) Find the mean of this number.
(b) (8%) Find the variance of this pumber.

6. (15%) The joint probability density function of random variables X and ¥ is given
by

f{31y}=§gﬁp{—[f+ﬂn—ﬁﬂ+ﬂy+10],:"3}, —00 < T <00, —00<y< 0o

(a) (5%) Find P{X > 3|¥ > 0}.
(b) (5%) Find E[Y|X < 2).
(¢) (5%) Find Var(X +Y).

7. (10%) The moment generating function of a random variable X is given by

My{t)=E EEH] = (;ﬁ)z.
{a) (5%) Find E[X].

(b) (5%) Find Var(X).

8. (10%) If 100 random numbers are selected independently, each uniformly distributed
over (0,1}, we are interested in the probability that the sum of these numbers is at
least 45. Use Central Limit Theorem to obtain an approximation of this probability.
(Express your result in terms of

®(zr) = ~E/2 dy
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if possible.)




