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Problem 1 {20%)

rove the Tollowing gradient operator's relationship when operating on & vector field A in
thige dimensions,

T x (V xA)=7(v - A)-v2A

Problem 2 (20%)

Prove the following stalements

(a) If A is similar to B, then the characieristic polynamial of I 1s the same as that of A
10%

(bt Let Abeennxnmabix, Thep A is diagonalizable f and only if there is a set of p linearly
10% independent vectors, each of which is an eigenvector of A,

[Hfint: A is similar to B if there exists a nonsingular matrix C such that B=C-TAC]

Problem 3 C20%)

(@) Find the Fourier serics of the following funchion: {%a)
fixy=|u,x=n
and show that {6%0)
= 1 - o7

E— -

2k B

(1) Find the inverse Laplace fransform of the following function: {B%)

_ 5
)= (s+2)2(s2 +25+10)

Problem 4 {20%)

Consider the following sturm-Lipuville equation

n(y' ()] + [ HAr{x) |y (x)=0 ina<xgh

wheze p, g, ¢ and ¢’ are real-vahned and continuous,
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The corresponding boundary conditions are
(1} kyy(a} + kay'{a)=0 (kp2+ky2e0)
(2} £ v(by+ £,5' (b1 =0 (£ +8.7 = 0)

(A) Frove that the eigentunctions of the above equation are orthogonal with respect to the weight
2% function mx).

(B) Find the solution of v" 4 Ay =01in —n<x =7
() y(x)}=y{-m)=0 ' {4%s)
(i} /(0= (-my=0 (4%)

check i A=0 {3 an sigenvalue or not.

w,l'.l'l

{C) Define zz” j dx, H{E}E{Fr)lmy

r
. P
4%  Prove that the Storm-Liouville equalion can be transformed into

a1
¥+[s{z}f}i]u=ﬂ

find s{z).

Probiem 3 (20%)

A serm-infinite siab (sce the following figure) was initially with temperatore of T, At =0,
the temperature of the left stde to the slab was changed to Ty and maintained at that temperature

afterwards. We wish to determine the time dependent temperature distibution of the skib, Tx, 1),
Let the thermal diffusiviey of the siab be a constamt, @, and consider only heat conduction in the x
direction,

{a) Give the zovemning equation, appropriate boundary and initial conditions for T{x, #).
3%

{b) Is the governing equation parabohic, elliptic, or hyperbelic? Is the boundary conditon of
2% Dirzchlet, Nemmann, or mixed type?

{c} Assume that Tix )=} with ¢=x7? where » {5 an vnknown constant.
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5% Determine & such that the eriginal goveming equation {apparently a partial differentiat
equation) reduces to an ordinary differential equation fn fand 4.

vd}  Fingd T(x,£) through solation of the ﬂi‘dinarj.-' differential equation from part (¢),
| L%

Nole: eef(2) = %Te"w!dw]
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