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Problem 1 (40%). :
(1)[5%] For n=1,2,..., define a, := sup{—n,—n —1,...,}. Determine the limy, o0 an.
(i5)[5%)] Let g : R — R with g(z) := z®. Find the inverse image g 1([4,9))-
(i1)[5%) Let f(z) := = exp(~(z — 1)2/2). Evaluate [ (z — 1)2f(z)dz.

0 otherwise
(v)[5%) Let b,c € R and % : N — R be a function satisfying limn_c0 1(n) = 0. Evaluate the

following limit ne
i (14 20)",

~ 8 1
(iv)[5%) Define a function f(z,y) := { oy BLo=gALl g 22 25wy fx, y)dedy.

n—oo n

(vi) [5%) Let = € R. Evaluate limy 00 "fT','
(vii) [5%] Find the third-order Taylor polynomial of f(z) := /1 + z about z = 0.
(viii) [5%) Let C := {z : = > 0 and 2 > 3}. Determine sup C and inf C.

Problem 2 (20%).
(4)[5%)] State the mean value theorem (MVT).
(4)[15%) Use the MVT to show that e” > z for all z > 0.

Problem 3 (10%). Consider a maximization problem: max, f(z,a) with a being a parameter.
Let z*(a) := arg max, f(z,a); i.e., z*(a) maximizes f. Inserting z*(a) back into f (z,a) yields
the so-called walue function '

f*(a) = f(z*(a), a).

(4)[3%) Assuming that f*(a) is differentiable, find the total derivative 4 f*(a).
(ii)[7%)] Suppose that z*(a) is an interior point in the domain of variation for z. Find 4 £*(a).

Problem 4 (10%). Let I" be a function defined by the following integral
{o o]
I'(e) = / t*~letdt.
0
(9)[5%) Show that I'(a + 1) = ol'(a) for > 0.
(443)[5%) For any integer n > 0, show that I'(n) = (n — 1)L.

Problem 5 (20%). Let {z,} be a sequence with z,, > 0 for all n. Prove or disprove the following

statement: [[2, (1 + zn) converges if and only if 377 ; = convergences.



