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Notation. N : the set of positive integers; R : the field of real numbers;
Mpxn(R): the set of m-by-n matrices with entries in R; M,(R) = Mp«n(R).

It is required to show your work in all problems.
1.(20 %) Let _
S = {(27 _47 _3a 3) "'2)a (2, 17 21 —37 _2)7 (3, -17 _1, '—1, _1), (2, 1, —1, —2, 2)} - Rs.

(1) Let W be the subspace of R® spanned by S. Find a subset of S which is a basis for WW.
(2) Let W’ be the following subspace of R:
W= {(z1,22,23,74,%5) ER® | 21 + 1y — 23+ 4 — 25 = 0},
and let 8’ = SNW’. Extend S’ to a basis for the subspace W’.
2.(15 %) Let V be a finite dimensional vector space over R. Given a linear operatof T: V>V,

show that R(T) NN(T') = {0} if and only if rank(7T™) = rank(T") for some integer n > 2. (Here
R(T') and N(T') are the range and the null space of T, respectively.)

8.(15 %) Let m,n € N. Given a nonzero matrix

Qi1 -+ . Qip
A= = 1\/Imxn(]R),

Am1 - Qmn

show that rank(A) = & if and only if there exist integers 1 <i; <--- <4, <mand 1 < 1<
-+ < Jr < n so that the determinant of the matrix

iy = Qg
: € Mi(R)
Gipgr "t Qiggy

is nonzero.
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4.(15 %) Given two symmetric matrices 4, B € M,(R), suppose AB is also symmetric. Show
that there exists an orthogonal matrix U € M,(R) so that UAU™! and UBU-! are both
diagonal matrices. '

5.(15 %) Determine the number of orthogonal matrices A € M;5(R) satisfying
A —5A+2I;=0.

(Here I5 is the identity matrix in M5(R).)

0 10 ' 1 0
A={0 0 1 and B=1]0 -2
-2 3 0 1 0

Determine whether A and B are similar over R. If so, find an invertible matrix U ¢ M;3(R) so
that U"1AU = B.

6.(20 %) Let

— O O

) € M3(R).



