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It is required to show your work in all problems.

1.(10 %) Let A := {logyn — [logyn] : n=1,2,3,...}, where |z]| denotes the greatest integer
less than or equal to z. Find sup A and inf A. ‘

2.(10 %) Find the set of limit points of S+ T = {s+t: s € S, t € T}, where S =
{L:n=1,23,...}and T={e":n=0,1,2,3,...}.

3.(10 %) Find limsup a,, and liminfa,, where the sequence {a,}n>1 is defined by

n—oo N300

_ Gom—1

1
5 Qomi1 = = + Qo forallm=1,2,3,....

a; = Oa A2m 2

4.(20 %) Let f : R — R be defined by
0, =ze{0JUR\Q),
flz) =

1 m
B T € Q\{0}, ged(m,n) =1, n > 1L

(a) (10%) (Prove or disprove) f is continuous at z = 0.
(b) (10%) (Prove or disprove) f is differentiable at z = 0.

5.(10 %) Evaluate the following Riemann-Stieltjes integral: f12 Inyd|y?|, where |z| denotes
the greatest integer less than or equal to z.

6.(15 %) Prove that the series y .-, (—1)" (m—i-j;—") converges uniformly on every closed interval

[a,b] C R, but does not converge absolutely for any value of z.
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7.(10 %) Prove that f(z) = sin(z + 7 cosz) is uniformly continuous on R.

8.(15 %) Let g be a smooth function, and f : R™ — R is defined by

f(z1,29,...,2,) = g(r), wherer= \/m%+w§+---+xﬁ.

For z # 0, express the Laplacian of f in terms of g:

n a2f .
Af(zy,La,...,2) = Z W(xl,xz, vo sy B s
i=1 Tt



