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It is required to show your work in all problems.

1. (15 %) Let V be a finite-dimensional vector space over a field F, and let W be a subspace of
V. Show that there exists a linear transformation 7': V — V whose null space and range are
both W if and only if dimV =2dimW.

2. (20 %) Let A be an m x n matrix and B be an n X m matrix over a field F', and let C = AB.
Show that if det C = 0 and rank B = m, then the system of homogeneous linear equations
Cz = 0 has a solution £ = v € F™ such that Bv # 0.

3. (15 %) Let A be a real m x n matrix, A® be the transpose of 4, and b € R™, v € R" be
column vectors. Show that if the system of linear equations Az = b has no solution, and z = v
is a solution to the system of linear equations (A*A)z = A'b, then [|b]| > || Av].

4. (15 %) Let V be an n-dimensional vector space over a field F. Show that if T: V =V isa
linear operator such that the largest number of linearly independent eigenvectors of TinV is
n — 1, then the characteristic polynomial of T" splits over F' and has a repeated root.

5. 15 %) Find the number of 3 x 3 real orthogonal matrices A such that A* =1, A% # I, and

is an eigenvector of A. (You do NOT need to explicitly compute A; you just need to

explam how many such A exist. )

6. (20 %) Find all 3 x 3 real symmetric matrices A such that the characteristic polynomial of
1
Ais (t —1)(t — 2)? and the sum of the column vectors of A is | 1 |. You do need to explicitly

, 1
compute every entry of all such matrices A to earn full credits.
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