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1 (10%) Let V be a finite dimensional vector space over R, and vy, v, be two-distinct vectors
in V. Show that there is an R-lincar transofrmation f: V — R for which

f(v1) # f(v2).

2 (18%) Let V := Maty«3(R) and define f: V — R by
' 1 2 3
f(z,y,2):=det [1 -1 2].

T y =z
(i) Show that f is a linear transformation over R.
(ii) Put W := Kerf. Find an R-basis of W.

(iii) Let V/W be the quotient space of V' by W, and clements in V/W are denoted by o
for v € V. Show that the map f : V/W — R given by

e 1 2 3
f ((a, b, c)) :=dct (Cll —2)1 2)

c

is well-defined and is an isomorphism of vector spaces.

3 (14%) Find the Journal canonical form of the following matrix

2 -4 2 2
-2 0 1 3
-2 -2 3 3
-2 -6 3 7

4 (12%) Suppose that V is finite dimensional inner product space over C, and T is a normal
linear opcrator on V such that T° = T8. Prove that T is self-adjoint and T2 = T..

5 (20%) Let V' be a finite dimensional vector space over C with two inner products (-, -)
and (-,-)". Prove the following.

(i) There cxists a unique lincar operator T on V so that (z,v)' = (T(z),y) forallz,y € V.

(i) The lincar operator T in (i) is positive definite with respect to both inner products.

6 (14%) Let V :=R® and let W C V be the vector subspace defined as the set of solutions
of z; + -+ 4+ 2, = 0. Define W? := {f € V*|f(w) = 0 for all w € W}, where

V*:={f:V = R|f is a lincar transformation over R},
1
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the dual space of V. Show that W0 is cqual-to the sct-of all f of the form

ai )
f(;) = Aay +-- - + a,) for some A € R.

Qn

7.(12%) Given a nonzero matrix A € Mat,(R) and a nonzero vector b € Mat,x1(R), show
that if there exists a row vector C € Matjxn(R) for which CA = 0 and Cb = 1, then
Ax = b has no solution.




