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. Evaluate the following integrals:

@ [ sin(ln(x))dx (6 points)

®) f; J; exp (%) dy dx. (7 points)

© [f sin(9x* + 4y?)dA where R is the region in the first quadrant bounded
by the ellipse 9x?2 + 4y? = 1. (7 points)

3 4

tafen={] 5,00

" (a) Show that f(x,y) - (0,0) as (x,y) — (0,0) along any path through (0,0)
of the form y = mx?® where m and a are constant and a < 4. (10 points)

(b) Despite part (a), show that f is discontinuous at (0,0). (10 points)

. If a > 0, find the area of the surface generated by rotating the loop of the curve
3ay? = x(a — x)? about the x-axis. (10 points)

4. Find the absolute maximum and minimum values of f(x,¥y) = xy? on the set

D={(x,y): x =0,y = 0,x% + y2 < 3}. (10 points)

. Determine whether the following series is convergent, or divergent.
@ Xaagio (1 (7 points)

2+cos(n)

® Yo-ian \\here Unyy == an , and a, = 1. (8 points)

. An nxn matrix L is called a unit lower triangular matrix if it is a lower

triangular matrix with 1’s on the main diagonal.

(i) Let A be an n X n matrix admitting a decomposition A = LU, where L isa
unit lower triangular matrix and U is an invertible upper triangular matrix.
Prove that this decomposition is unique. (3 points)

(i) Find the 4 x 4 unit lower triangular matrix L and the upper triangular
matrix U such that

2 -1 0 2
2 .
LU = __g: E]'; -1 :2,) . (7 points)
6 -1 2
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7. Let V = P;(R) be the vector space of all polynomials with real coefficients of
degree at most 3. Consider a linear operator T : V = V defined by

T(f(x)) = 2f""(0)x* + (61" (0) + kf " (0))x?,

where ' :=— and k € R is areal constant.

g
dx
(i) Does the kernel of T depend on the value of k? Justify your answer. (5 points)

(i) Does the characteristic polynomial of T depend on the value of k? Justify
your answer. (5 points)

(iii) Find all values of k such that T is diagonalizable. (8 points)

8. Consider a matrix A, (n = 3) whose entry in the i-th row and j-th column is

i+;—1’ where 1 <i,j <n. Let MT denote the transpose of the matrix M. Show

that:

(i) PAPT = 2026, where P = [—-28 42 90]. (5 points)
(ii) XA, XT > 0 for any non-zero matrix X € R™". (12 points)
' (You can get 5 points for a complete proof of the case n = 3.)

(iit) There exists an orthogonal matrix Q@ € R™™ such that QA,QTis a diagonal
matrix. (8 points)

9. Let~ A =diag(My, My, -+, Msp0, Ny, Ny, -+, Ny3) be a 2026 X 2026 matrix
consisting of 500 blocks of 4 x4 matrices M; and 13 blocks of 2Xx2
matrices Ny, where '

10/ +5 1 0 0
| o 105+5 0 0 10k +7 1
Mi=1 o 0 10/ + 1 1 a“dN"‘[ 0 . 10k+7]'
0 0 —2  10j+4 :

Consider the linear operator T : R2%%6 — R2926 defined by T(v) = Av.

(i) Decompose R2926 into a direct sum of T-invariant subspaces R?°%¢ = W; @
W, @ --- @ W, such that each W, cannot be further decomposed into a direct
sum of smaller T-invariant subspaces. Justify the value of n and provide a
basis for each W;. (12 points)

(ii) Find the total number of T-invariant subspaces of R2°2%, {Prove your answer.)
(8 points) :



