X E R BLEEN  RAEEHBRA

BRAER £ HE -

BaxFERE 114 2FEALHEARIANSZHRAE

ZpryEdn ) ¢ st E LRI T A

# B &5 0301
XA B BESH

_’ﬁz’&/}—lu‘glg_

1.
2.

BHHEES (F) L EXER - HBLBATEHE -

23X 1464 FREENAGBEG RS REFASFBRIRAHRR
H o x %%%%ﬁkﬁﬁﬂ B R/ ERBERE -

FERELZRE LR ai-é&@%wacmﬁ% BERTERH
&~ BEBERIAFL NI LI FRER -

BARERERBERMA -

ARATREMERLEMGL  BRATEBEHE  HHRERAES

RELEZEREFMRABAE L W RF (SkkisE

) RALHMBERELIBRBEES AR 2hELai578%F -

B B3R - EREER S F A AFHMAEEAL THL
FERERSRANRERREIME m&@$ﬁ%ﬁ@ﬁ%i%$@
b kB MR L o




LAEBERF N4 EFERALEEENEEM
RPTILELR) ¢ 3 A BA S5 AT
FEAR8 (R#B) + &£ 547 (0301)

A2 F F 1R kA [EFA] 42

1. (10 points) Let z3,z;, ..., g be real numbers satisfying z; + 222 +-- - + 929 = 1. Prove

that
2

2
2, %, . %y 1
Ittt g 2 o0

Furthermore, determine all zy, ..., g for which equality holds.
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2. (15 points) Let f(z,y) = { 2%° +3¢° .
0,  if (z,9) = (0,0).

Prove that f has all directional derivatives at (0, 0), but f is not differentiable at (0,0).

1—sinZE
3. (15 points) Let F(z) = —(Tf%g— for z € (0, 1).

(i) Evaluate the limit ligl F(z).

) 1 z Y
(ii) Evaluate the integral / / / F(z) dzdyd-=.
o Jo Jo

4. (15 points) On R?, T' is a cardioid (heart-shaped curve) given parametrically by
i
z(t) = 4 cos t sin? 3 y(t) = 2sint —sin2¢, t € R.

(i) Prove that its equation in polar coordinates can be expressed as r = 4sin? g.
(ii) Find the area of the region enclosed by I'.

(ili) Find the perimeter (A4) of T.
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5. (20 points) For n e N, let P (z) = Zl(-—l)kck(m—k) , ¢ € R, where C}} := m
).

k
is the binomial coefficient (1 £ k& <

— 2Py(z) — 2Py(x)

dz.
3—P2($) *

oc Hi
(i) Evaluate the integral / Py (z)
0
(ii) Prove that
F,(2)
P“"l(z) - Pn—l(l) -1

=n,Vn>2
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6. (7 points) Find an invertible 2x2 matrix P for which P4P™' =B where

1 2025 1
A= and B= 9 .
0 1 0 1

2 3 0
7.Let v=|1|, w,=|0| and w,=| 2| be the vector in R3.
' 1 4 0 '

(i) (7 points) Find the orthogonal projéction vector of v onto w,.

(ii) (7 points) Find the orthogonal projection of vector of v onto the
subspace S of R*® spanned by the vectors w, and w,.

- 8. Find the reduced row-echelon form (5 points), rank (2 points), nullspace

2 3 -6 4
(5 points) and nullity (2 points) of the matrix A=|{1 5 -3 11|.

2 7 -6 16
9. (12 points) Prove that two finite-dimensional vector spaces ¥ and W are

isomorphic if and only if they are of the same dimension.

|

10.Let u= and v= be two vectors in R*. We define 4=wuv".
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(i) (7 points) Compute the determinant of A'.
(ii) (7 points) Compute the trace of 4 and find all eigenvalues of 4.
(iii) (7 points) Compute the trace of 4* and find all eigenvalues of 4*.

(iv) (7 points) Compute the determinant of A+ 1,, where 1, is the
4x 4 identity matrix.



