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1. Find the derivative for each of the following functions,
(i) (6 points) Find fy, for f(x,y) = y?In(x).

OT  for flx,y) =e*
dydx? ' )

(i) (6 points) Find

[\

. (i) (6 points) Find the largest and smallest values of f(x) = 2x® 4+ 3x? —12x on
[—4,3].
(ii) (6 points) Use the method of Lagrange multipliers to find the maximum value
of f(x,y) = xy subject to the constraint x? + 4y? = 2.

3. (6 points) Find a function f such that f'(x) = x> and the line x+y =0 is
tangent to the graph of f. '

4. (7 points) Find the directional derivative of the function f(x,y,z) = sin(yz) +
In(x2) at (1,1,7) in the direction of the vector ¥ = (1,1,—1).

5. (i) (7 points) Compute the sixth order McLaurin polynomial of f (x) =v1—x2
(ii) (7 points) Compute the second order Taylor polynomial for f(x) = x'08(x)
about the number 1. -

6. (8 points) Find the highest and lowest points on the curve x* +xy+y*=12.

7. (i) (8 points) Determine ( fol —ld\/__%) + ( ) 01 ‘/—%)

e*

(ii) (8 points) Determine [ 02 o dx

8. Let T:Py(R) — P,(R) be the linear operator with
T(1) = —-1,T(x) = 2x, T(x?) =2 —x3 —x%,
T(x3) = =2+ x% +2x% +x*, T(x*) =1+ x% + 3x™

(i) (6 points) Discuss the iteration T™(2024 + 2024x2 + 2024x3) foreach n € N
and justify your answer carefully. '

(ii) (8 points) Determine the characteristic polynomial of T.

(iii) (10 points) Find the Jordan canonical form of T. o
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9. (10 points) Let P; be invertible 6 X 6 matrices for i = 1,2,3 and define the
matrix A by

2 00 0 0 O
66 6 3 32 33 3%
A=6661121314
66 6 0 0 0 O
66 6 2 22 23 24
66 6 4 42 43 44

Find det(P;*P;1P1AP,P,P;).

1 2 3
A=|-1 6 1)
0 -2 5

(i) (8 points) Find an LU decomposition of A. That is, A= LU where L is a
lower triangular matrix and U is an upper triangular matrix.

10. Define the matrix A by

(ii)(8 points) Finda QR decomposition of A.Inother words, A can be represented
asA = QR where Q = [q; q; q3] with orthonormal columns q4,q,9; and R
isan 3 x 3 invertible upper triangular matrix.

11.Let v € C™* be given and consider the linear system Ax =v with A is a
m X n matrix over C and ker(4) = {x € C"*1 | Ax = 0} = {0}.

(i) (7 points) Prove that ker(A®A) = ker(PA) where P is an invertible m X m
matrix over C.

(i) (8 points) If m = n and denote the solution of the linear system
AP Ax = Afv |
and the solution of Ax = v are X and X, respectively. Show that X = X.
(iii) (10 points) Prove that
lv — Axl| = [lv — A%

for all x € C™*1,



