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1. Evaluate the following integrals.

1 pl
® / / sin(y?) dydx (10 points),
0 Jr

(n)f / (HL‘_}_J)_,de:c /[(I+y)4dxCiJ (10 points).

2. Evaluate the following limits.

on 4 gn i/n .
(i) nlgxga ( 3 ) (5 points),
gl/n + 31/1: B . ’
(i) nlg& (—2——) (10 points).

3. Verify the maximum and minimum values of the function f{z,y,z) = zy=z subject to

the constraint 2z% — 3 < 2y < 3 — 2 (10 points).

4. Let k be a constant, and let f;. : [0, 1] — B be a continuous function satisfying

54 1
e+ [ pay=te [ @neay=1, vzep1)
Use the fundamental theorem of calculus to show that:
(Qifk= Ll then fi(z)=1 (b points);
-x
(i) hm fk(:t) = —-—-—-—)———t—l-

—e
(For (x), if you assume fk(:z;) = ¢ a constant-valued function and obtain e=1, you

(5 points).

won’t get points.)

5. Consider the function f(z,y) = (z +3°)", where r is a positive constant.
(i) Verify all 7 such that -g%(a:, y) is continuous at (z,y) = (0,0) (10 points).
(ii) Verify all r such that %(m, y) is continuous at (z,y) = (0,0) (10 points).
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6. (Frobenius inner product) Let V = My xm(C) be a vector space and define
(A, B)r = trace(B*4)

where B* = BT is the conjligate transpose of B and trace(B*4) = XiL1(B*A)y
foreach A,BEV. -

(i) Prove that (A, B)g is an inner product on V. (16 points.)
(ii) Define the norm of A by ||Allr = /{4, A)r. Show that
14 + BlIZ + 1A — BlIF = 2[|AllZ + 2IIBII
for each A,B € V. (8 points.)

7.Let A € Myyn(R) and we say that A is orthogonally equivalent to B if there
exists an orthogonal matrix P such that A = PTBP and PTP = I, = PPT where
I,, is the n X n identity matrix. '

(i) Prove that A is orthogonally equivalent to a diagonal matrix if and only if Ais
a symmetric matrix. (16 points.) :

1 0 -1
(i) Let A= ( 0 1 —1). Find an orthogonal matrix P and a diagonal matrix
-1 -1 2

D such that A = PTDP. (10 points.)

(iii) Consider the quadratic equation Q(x,y,z) = x? +y? +22% — 2yz — 2xz —
25 = 0 in the standard coordinate system with x,y and z axes. Under a new
coordinate system with x',y" and z’ axes, we have

Q(x,y,2) =y'* +32'* =25 =0.
Express ¥’ and z' as functions of the independent variables x,y and z.
(10 points.)
8.Define T: R® — R3 by
T(x,y,z) =(x+y- 2,2,~X — 2y + 22).
(i) Find the matrix representation M of T relative the basis
g ={(0,-1,-1),(1,1,2),(=1,—1,-1)}. (8 points.)

(ii) Evaluate det(2M2° (M — 215)**) where I isthe 3 X 3 identity matrix.

(7 points.)



