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1. Calculate the limit of the;folloWirig X; with respectto n — oo:

n
: 1
i A _— e —
DO x ;13+---+k3

e —sec?(nY)

tan(n-F) with £ > 0.

(i) (10%) «x,=
(

E B 2
P.S. For (i) you can use the fact z 7}2- = 7%.
k=1
2. (8 47) Calculate the volume of the sohd formed by revolving the region

- bounded by the graphs of y =x3+x+ 1,y =1 and x =1 about
the line x = 2.

3.8 %) Let T(x,y,z) =20+ 2x + Zy + z? represent the temperature
at each point on the sphere x2 + y2 + z2 = 11. Calculate the mini-
mum and maximum temperatures on the curve formed by the inter-

section of the plane x + y + z = 3 and this sphere.
4. (8 4°) Let D be the region bounded by the lines
x-—2y 0,x—2y+4= 0 x+y—4= Ox+y 1=0.

Calculate the 1ntegral I, 3xydxdy TFigure 1 (0 3)

5. (8 4) Calculate

jg (arctan x + y2)dx + (e¥ — x2)dy,

(-3, 03 (—: 0| (L0) G0

where C is the path enclosing the annular region R shown in
Figure 1.
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6.Let f(x) =v1+x, x € (—1,0).
(i) (10 %) Show that the Taylor series of f(x) at x =0 is
o x k+1
; X € (_11 OO)'

fnx) =1
. (i) (8 %) By integrating f(—x?) o,'ver'a suitable region and using the
formula of fqp, verify the value of

Y (g~
2k +2 2k +3/ 4k°
k=0

'Here you need only calculate it without the rigorous analysis.

1 0 00 0 20 21 20
2% — 10 1 0 0 —~ 10 0 20 21
@) @a)Let I=1, 5 1 0] and A= 1|4 o 0 } Find a
0 0 0 1 0 0 O 0
matrix B such that B® =1 + A.

Hint: (i) is a key for obtaining a B, where you shall noticel6. = 24,

7. (8 ‘63\) Show that the area of a triangle with the vertices (x3,y1),

(%2,¥2), and (x3,y3) is

1|1%1 N 1
Area = Sk 2 1},
X3 yz3 1

where 0 < x; <Xx3 <X, and 0 <y, <y, <y3.
8.Let V be an inner product space. Prove that
() 8 %) If S ={vy, vy .., v} is an orthogonal set of nonzero

vectors in V, then .S is linearly independent.
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(ii) (8 %) If B = {ug, Uy, ..., Uy} is an orthonormal basis for V,
then the coordinate representation of a vector w relative to B is
w = (W, ug)uy + (W, up)tty + - (W, U U

10 18_]
-6 —11l'

9.Let A=
OXCED) Find the eigenvalues and cofresponding eigenvectors of A.
(ii) (8 4°) Find A°®.
10. Define the speétral radius of an n X n matrix M as
p(M) = max{|A], ..., 1413,
where Aq,..,4, are the eigenvalues of M. Let A and B be two
square matrices. Prove or disprove each of the following
() 8 %) p(AB) < p(A)p(B).
(i) 8 %) p(A+ B) < p(4) + p(B).
C11.Let V be an inner product space and u,v € V.
(i) (10 %) Prove the Cauohy-SchWarz Ineqﬁality
[(w, ) < Jlull - llv]l.
| (ii) (9 %) If v is not a zero vector, show that lu+v| = IIIuII + |ivli

if and only if there exists a scalar ¢ € [0,00) such that u = ov.



