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1. Let f: (-1,1) • R be a differentiable function satisfying 
X f (f(t) )

2 
dt = f(x) - x. 

0 

d5f 
(i) (6~) Calculate the value of dx5 (0). 

(ii) (6 ~) Show that J; [f(t) - t(f(x - t) )
2

] dt = x
2

2

• 

( i i i ) ( 8 ~) Show that f ( x) > 0 and 

(f(x))1010 
1010 2:: 2020 for X E (0,1). 

J;(f(t)) dt 

2.Suppose that f is a continuous function on R. 

(i) (7 ~) Prove that 

b 

f f(a + x) + f(b + x) b - a 

f(2a + b - x) + f(a + x) + f(b + x) + f (a+ 2b - x) dx = -2-. 
a 

for a, bER provided that this integral is well defined. 

(ii) (8 ~) Define the integral equation as follows. 

5 

F(x) = f fi(x)f2 (y) + fi(y - 2)fz(x)dy 

-1 

h _ 9 x 2 d _ sin4(x-l)+sin4(x+S) 
W ere f1 (x) - X e an fz (x) - sin4(x-1)+sin4(x-3)+sin4(x-9)+sin4(x+s)' 

Calculate the value of F(l). 
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3. Let f: [a, b] x [c, d] • R be a continuous function and ar~:Y) exists 

and is continuous on [a, b] x [c, d]. Then one can get the famous rule 

d [Id 1 Id af(x,y) dx c f(x, y)dy = c ax dy (Leibnitz's rule) 

(i) (10~) [General Leibnitz' s rule] Use these facts to prove that 

d [ 1/JI(x) 1 1/JI(x) a f (x, y) dl/J dcp 
dx f(x,y)dy = ax dy+ f(x,l/;(x)) · dx - f(x,cp(x)) · dx · 

<p(x) <p(x) 

( i i ) ( 8 ~) Show that 
x2 

J 4tan-1 (;2 ) dy = x2 (rr - 2ln2). 

0 

4.Determine the convergence of the series and integral. 

. ? '>.. 00 l+n + 2n(2n-1) 
[( )

2 ] 
( 1) ( 17 ) In=l 1+n2 (2n+1)2(2n+2)2 . 

( .. ) (5 ,1._',..) Joo sinPx d l 
11 "7J 1 xP X, p > , 

5. (10 ~) Suppose that Q be the solid region bounded by the 
coordinate planes, the paraboloid z= 2(x2 +y2

) and the cylinder 
x2 + y 2 = lwi thx, y, z 2:: 0. Let F(x, y, z) = (xz, x2y, y 2z) be defined on 
the surface S oriented by a unit normal vectorN where Sis the 
surface of Q. Evaluate the surface integral 

IL F· NdS. 

2 
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6. Let v; and V2 be two subspaces of the vector space V. Prove 
that 

( i) (10 71') v; n V2 is a subspace of V. 

(ii)(IO 7t')v; +V2 is a subspace of V. 

7. Let V be the vector space of al 1 polynomials p(x) with 
degree at most two, and let f: V • V be the 1 inear 

transformation f(p(x)) = p(x) + xp1 (x). 

(i)(57t') Prove that l+x, 1-x, l+x2 form a basis of V. 

(ii) (10 71') Find the matrix representation [/]p of f with 

respect to the ordered basis ,B = {1 + x,1- x,1 + x2
}. 

8. ( 20 71') Find the eigenvalues and the corresponding eigenspaces for 

the matrices A -(; :) and B-[~ 
1 -1] 2 -1 

2 0 

9. For the following matrix 

A-[-
3
1 

-1 -1] 3 -1 

-1 -1 3 

(i)(lO 71') Find a matrix P such that p-1AP is a diagonal. 

(ii )(10 71') Determine an orthogonal matrix P such that p-1AP 1s a 

diagonal. 

3 
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