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I'he probability generating function (PGF) ¢(s) of a random variable X

taking finitely or countably many non-negative integer values »n with

probabilities p_ is defined as

p(s) =E(s");
it 1s usually considered for -1<s<1 to guarantee convergence. An

important fact is that the PGF determines the distribution of random variable

X uniquely. Also,
d

E(X) =—d(s),
das

evaluated at s=1;

ELX(X -1)] = jS _4(s),

evaluated at s=1.

Now, a coin shows heads with probability p>0 and tails with probability

I-p. Let ¥ bethe number of tosses need to obtain ; heads.

(1) Find the PGF for ¥,i=1.

(2) Compute its mean and variance.
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Let Y~ N(u,0°). Suppose that the marginal utility function is of the form:
Z =exp(oY +6),
where 6,6 are constant. The distribution of Z can be used to prove the

Black-Scholes formula.

(1) Calculate the PDF of the marginal utility function.

(2) Calculate the mean of the marginal utility function.
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Let X,Y be independent random variables with values in [0,00) and the

same probability density functions (PDF): 2e* /Jr and 2¢” /Jz. Let
U=X*+Y*, V=Y/X.Compute the joint PDF f£,,.
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Suppose that X, X,,---, X, is asample of i.i.d. random variables X, ~ N(u,1).

n

Consider the following two estimators for

V — X, + X, +4Xn_1+Xn and )—{=X1+---+Xn |
4

(1)Are Y and X unbiased? Are Y and X consistent?

Now we want to test the null hypothesis: x=3.

(2) What is the test statistic if we use Y as an estimator? What is the

distribution of the test statistic?

[T

(3) What is the test statistic if we use X as an estimator? What is the

distribution of the test statistic?
(4) Which test statistic will you select? Why?

(5) We observe 8 observations which are shown in the following table:

py— —— - L,

X X, Xy X, Xs X X Xg

N i . Nl . — _L —— | re—— - L

2 4 J 6 -4 -16 3 3

Based on this data set, what is the conclusion (reject or accept the null

hypothesis: x=3) if we use the test statistic in (2). Why?
Based on this data set, what is the conclusion (reject or accept the null

hypothesis: u=3) if we use the test statistic in (3). Why?
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Answer the following questions with "True" or "False" and explain your
answer very brietly.

(1) Given the model Y =X fg+¢ , suppose that g 1s not normally

distributed. It 1s still possible to compute the maximum likelihood
estimator (MLE).

(2) Given the model Y, =X B +¢ ,the MLE of S 1is always equivalent to

the ordinary least squares (OLS) estimator of f.

(3) Given an estimated regression model, 1f the F-test for all the
coetficients (except the constant term) equal to zero 1s significant at the
level «, then all the individual #-ratios must also be significant at the

same level.

(4) In a linear model where ¢ arei.i.d. N(0,6°). Then the OLS residual

P

£ 1is also distributed as N(0,07).

¢
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Cummnlative Distribution Ifunction of the Stamddard Normal Distribution
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e D 0.00 0.01 | 0.02 0.03 1 0.04 .05 0.06 0.07 0.08 (.09
0.0 N.50000 | 050399 1 050788 | (.51 07 - 051595 | 051904 | 0.52302 | 0.52790 | 0.53188 | 0.53586
0.1 D 053983 1 0.54380 | 0.54776 1 0.55172 | 055567 | 0.55962 | 0.56456 | (L5670 | 0.57142 | 0.57535
0.2 5 057926 1 U5S317 | 098706 ! 0.59095 { 059484 | 0.OO8TY | 0.60237 | 0.60642 | 0.61026 | U.61409
0.3 061791 ' 062172 | 062557 1 062030 | 0.63307 | 063683 | 0.64058 | 0.64431 | U.64803 | 0.65173
041 065542 1 060910 | 0.6627T6 | 066640 | 0.67003 | U.6TI63 | 0.6T724 ! 0.68082 | 0.68439 | N.68793
0.5 - 0.69146 | 060497 ; 0.69%47 1 0.70194 | 0.70540 | 070884 | 071226 | 0.71566 | 0.71904 | 0.72240
0.6 ] 0.72575 | 0.72007 | 073237 1 0.73565 ¢ 0.73891 | 0.T4215 [ D.74537 | 0.74837 + 0.75175 | 0.754 90 |
0.7 1 075804 | O.T6115 1 076424 1 0.76T31 1 077035 1 0.77337 | 0.77637 | 0.77935 | 0.78230 | 0.785 24
0.8 1 QL7ES 1 D (LTO103 { (LT9389 1 079673 | 079955 | 080211 | DROS 1L § D.BOTS85 | 0.81057 | 0.81327
(.0 | 0X1591 i OXISHT | 082121 ¢ 082381 1 082630 | 0.828441 | O.R3147 | 083308 | 0.83646 | 0.83891
10| O.R4] 34 I 054375 | 081614 1 ORIRS0 | 085083 1 0.8 14 | .85543 1 (LROHTEQ | 085893 | 0.862 14
! 1.1 L U.S6433 0 086650 | OBBRE1 | O.8TOTE | 087286 | 087193 | D.ETEUR | O.87900 § 0.83100 | 0.88293
L 12, DSEL03 ) 0886X6 | O8SETT | 058065 3 089251 | 0.89235 | 0.896 17 | 084796 | 0.89973 | 0.90147
A5 090320 | 080190 0 00658 [ 0.90824 5 000983 5 0.9E149 | 091309 | 0.91466 | 0.9162} | (0.917 74
A 001929 | 092074 | 092220 5 0.92364 | 092507 { 0.92647 | 0.92786 | 092922 | 0.93056 | 0.931 89
DL 093319 | 083448 0 093574 0 093699 | 083822 1 093900 { 0.94062 | 0.94179 | 0.94295 | 0.94408
L6 D 0.94520 | 9.90630 1 094738 T 090545 | 1.04930 | 095053 1 0.93154 | 0.95254 | 0.95352 } 0.95449
1.7 P O955 43 | 0.05637 1 095728 { 0.95519 | 0954907 | 0.95991 | 096080 ( 0.96164 | 0.06246 | 0.96327
12§ GLA6407 | 006485 | 0.96562 1 096638 | 006712 | 096784 | QU656 | 0.96926 { 0.96995 | 0.97062
P10 09728 | 097143 | 097257 L 097320 | 097381 { 097491 | 097500 | 0.9753% | 0.976 15 | 0.9T6 70
20§ 097725 | 0.97TT8 | 0.97831 1 097882 | 0.97932 | 0.07482 | 0.98030 | 0U807TT | 0.98124 | 0.981 69
2.1 098214 | D.O8257 | 0.88300 | 0.98341 | 098382 | 098122 } 098461 | 0.985m) | 0.98537 | 0.98574
92+ DURG 10 L 98645 | 098679 | 0087 13 | 093745 | 098778 | 008809 | D880 | 098870 | D.YSS9Y
920 | OR92R | 0.0R056 | 0.93983 | 099010 { 099036 | 009086 § 099011 | 0.00111 | 0.99134 | 0.991 58
24 1 Q099180 ] 0.99202 1 0499224 | 0.99245 | 099266 | 0.09286 | 0.99305 | 0.92324 | 0.99343 { .9936])
2.5 1099379 | 0.99396 1 0.9914 13 | 099430 | 099146 | .99468 | 099 TT T 0.99192 1 0.99506 | 0.995 20
2.6 | 0.99534 | 0.99547 | 0.99560 { 0.99573 1 0.99585 { 0.99598 | 0.996 00 | DL.O96 21 | U496 32 | 0.996 143
27 1099653 1 0.99664 | 099671 | 0.99683 | 0.99693 | 0.99702 5 0899711 | 0.99720 | 0499728 | 0.997 306
2.8 | 0.99744 | (1.99752 | 0.09T60 | 009T6T | 009771 | 0.997 81 nqm 8% | 0.997495 | 0.99%01 | G.VYSOT
2.9 | 0.99313 | 0.99819 | 0.99825 _n.uz-m:n U.00B36 | N.9YK-11 | 0.99846 | 0.0OKAT | 0,998 56 | 0.09861
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Table 2
Quantiles of the Standard Normal Distribution (v = value of Z such that Pr({ 2 [> u) = «)

+ o0

a | 000 | 00l | 002 ] 003 | 004 [ 005 | 006 | 007 | 0.08 | 0.09
0.0 | oc | 2.5758 | 2.3263 | 2.1701 | 2.0537 | 1.9600 | 1.88Gx | 1.8119 | 1.7507 | 1.6954
0.1 ] 1.6449 | 1.5982 | 1.5548 | 15141 | 1.4758 | 1.4395 | 1.4051 | 1.3722 | 1.3408 | 1.3106

0.2 | 1.2816 | 1.2536 | 1.2566 { 1.2004 | 1.1750 | 1.1503 | 1.1264 | 1.1031 | 1.0803 | 1.0581

0.3 | 1.0364 | 1.0152 | 0.9915 | 0.97:41 | 0.9542 | 0.9346 | 0.9154 | 0.8965 | 0.8779 | 0.8596

0.4 | 0.8416 | 0.8239 | 0.7892 | 0.8064 | 0.7722 | 0.7551 | 0.7388 | 0.7255 | 0.7063 | 0.6903
05 | 0.6745 | 0.658% | 0.6433 | 0.6280 | 0.6128 | 0.597& | 0.5828 | 0.5681 | 0.5534 | 0.5388

0.6 | 0.5244 | 0.5101 | 0.4959 | 0.4817 | 0.1677 | 0.4538 | 0.4399 | 0.4261 | 0.4125 | 0.3989

0.7 ] 0.3853 | 0.3719 | 0.3585 | 0.3451 | 0.3319 | 0.3186 | 0.3000 | 0.2924 | 0.2793 | 0.2663

0.8 | 0.2533 | 0.2404 | 0.2275 | 0.2147 | 0.2019 | 0.1819 | 0.1764 | 0.1637 | 0.1510 | 0.1383

0.9 | 0.1257 | 0.1130 | 0.1004 | 0.0878 | 0.0753 | 0.0627 | 0.050Z | 0.0376 | 0.0251 | 0.0125 |
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Table 3
Quantiles of the Chi-Square Distribution with v Degrees of Freedom
(z = value of \~ such that Pr(y" > ») = a)

1/

(X

0.990

0.950

(.9(4)

().100

L bk ol o L

(3.050

0.025

(0.010)

(3.001

0.000 2

(.02

T

0.0039 |

0.10

().015 8

().21

2.71
1.61

3.54
2.99Y

0.02

7.38

6.63
9.21

10.83
13.82

i 0.12 (.22 0.35 0.53 6.25 1 T7.81 1 9.35 | 11.31 : 16.27
i 0.30 0.48 0.71 1.06 778 1 994 | 11.14 | 13.28 ! 1847

L3

14
20)

s 1o Iv o I o o ho
o] SR P (N

(.55
().87
1.24
1.65
2.09
2.56

3.09
3.37
1. 11

7.63
8.20

8.90)
.54
10).20
10.80
11.52
12.20

10.28
10.98
11.69
12.40
13.12
13.51

1.15
1.64
2.17
2.73
3.33
3.94

1.6l
2.20)
2.83
3.9
417
Y

D.5H8
6.3U
7.04

1165
12.41

13.24
11.0:1
14.85
15.6€
16.47
17.29

9.24
10.64
2.02
13.36
14.68
15.99

i

b
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o I

o 4
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- I 2
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indpl I‘\:-'
i

.
I-l“ [
[ni——

29.01
A0.K1
32.(}]
3.3.30
43S
35.56

11.07
12.59
14.07
15.51
16.92
18.31

19.67

21.03 ;
29.36 !

30.1.1
Sl

32.67
33.92
33.17
3611
37.65

33.88

12.83
1.1.45
16.01
17.53
19.0)2
20.48

21.92
23.34
24,74

32.85
S 9 i

35,18
36.78
38.08
39.37
40).65
41.92

15.09
16.81
18.47
20.09
21.67
23.21

24.72
26.22
27.6Y9

36.19
37.57

38.94
10).24
41.61
12.98
44.31
15.641

2().5H2
22.46
2-4.32
26.13
27.88
24.59

31.26
32.91
34.23

. 19.8
14 1.60 5.6.3 £5.57 7.79 2106 | 23.68 | 26.12 | 29.11 | 36.12
3 .23 6.20 7.20 8.9 2231 | 25.00 ; 27.49 | 30.58 | 37.70
16 5.1 6.91 7.96 9.31 23.54 | 26.30 { 28.84 | 32.00 | 39.25
I (.11 7.56 8.67 10.08 2077 | 27.530 0 30,19 | 33.41 | 40.79
18 7.01 ' ).3¢ 1).86 .99 | 28.87 | 31.53 | 34.80 | 42.31

13.82
4H.32

i
anlliin,,
Mgk

-

wl Tt e -
= oL :
—t S e = I 0
we =]

VAR L B (SR &

2 I | B |

S0 SO RS —

ool 5§

T 12.%8  © LLAT .15 1 IR 36.74 | 4001 | 43,19 | 46.96 1

X 13.57 | 15.31 16.93 1 18.94 37.02 ) 4034 | 4446 ] 4828 §9

24) 1-1.26 16,05 .7 ;1077 3909 | 4256 1 45.72 | 49.59 | 58.30
30 1195 5.7 NS 120060 | 4026 | 43.77 | 46.08 | 50.89 | 59.70

when ¢ 2 300 then /2¢4 — 20

-1 s approximately N (0.1).
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Table 4

5.
&
=
¥
4%.

=L o ; - T | = I
Y : I
[ 0.00 1 080 [ 070 | 0.60 | 030 | 0.40 | .30 l 020 + (.10 (.05 (.02 l 0.u1 .00
3 1
(O 0.158 1 0.325 1 0510 1 0.727 Y 1.o00 | 1.376 | 1.963 | 3.078 ﬁ.:m4 125706 | 21.821 i’ 63 657 | 636.610
0.142 | 0286 | 0.445 | 0617 | 0816 | 1.061 | 1.386 | 1.88G § 2.920 | 4303 6965 | 04925 [ 31.598

AR,

Quantiles of the Student Distribution with v Degrees of Freedom
(t = value of T such that Pr(| T [> t) = «)

P Y

PR | R

1.137

0.131 |

(3.132
0. 131

0.277
1).27]
0.267
(.20

0.424
0.414
0,08

P04

(1.534
().269
(.55Y
0.534

0.765
0.741
0.727
0.718

0.978
0.911
0.920
0.900

1.250 .

1.1K)
L. 156
1.134

2.353

2,132

2.015

1.9-44

3.182

2.7k

2,571

2417 |

e 7 10130 ! 0063 | 0902 | 0349 | 0711 0.896 | 1119 | L5 | 1805 | 2365 | 2995 3499 | 5.408

§ | 030 ! 0262 | 0,390 1 0546 | 0.706 | 0.889 | L10& | 1.307 | LEGO | 2306 | 2.866 | 3.355 1 5041

& G 01291 0260 | 0398 | 0.543 | 0.703 | 0853 ! 1.100 | 1.383 | 1833 ) 2262 1 2821 | 3.250 1781
10, 0129 | 0.260 | 0397 | 0.542 [ 0700 | 0879 § 1093 | 1.372 | 1.812 | 2228 | 2764 | 3169 | 58T
10120 | 0260 | 0.396 | 0.340 | 0.697 | 0.876 | LOS8 | 1.363 | 1.796 | 2201 | 2718 ¢ 3106 1 4437 )
12 ] 0028 0.259 | 0.395 | 0539 | 0.605 | 0.8T3 | LO83 | 1356 | L7821 2079 0 2681 1 3045, 1318
13 | 0128 | 0.239 | 0.891 | 0.538 | 0.694 | 0.870 | 1.079 | 1350 | 1771 | 2160 [ 2650 | 3.012 [ 4.221
14 0128 | 0,208 | 0.393 | 0.537 | 0.692 | 0.868 | 1076 | 1343 | 1761 1 2045 | 2624 | 2977 | 4110
15 1 0,128 | 0.25%  0.393 | 0.536 | 0.691 | 0.%66 | 1.074 2.131 - 1.073

D 0128 1 ooeas | 0.392 § 0.535 | 0.690 | 0.865 | 1.071 Tl 1L7a6 ] zaen | 2383 ) 2.9 1.0)5
17 L0025 | 0257 | 0392 1 0334 | 0.68Y i 0.863 ¢ 1060 | 1.333 | L740 | 2010 | 2567 | 2.808 3.065
18 [ 0027 1 0257 | 0392 | 0544 | 0.658 1 0.862 | 1067 | 1.330 | 1734 | 2100 | 2.552 | 2.878 22
19 10127 | 0257 10391 | 0.533 5 0689 | 0861 | LOG6 { 1328 | 1720 1 2.094 | 2.530 | 2361 § 883
20 127 1 0257 [ 0.391 | 0.533 | 0.687 | 0.RGO | 1064 | 1325 | 1725 | 2086 | 2528 | 2.843 3.850) |
20 10,127 [ 0257 [ 03910 § 0532 1 0.686 | 0.850 [ LOAY | 1.323 © 1721 2.080 | 2518 | 2831 3 510
2 L0127 0256 | 0390 | 0532 | 0.686 | 0858 § 1.061 | 1.321 | 1717 2074 ] 2508 | 2319 4,702
2% | 0127 | 0256 | 0390 | 0.532 1 0.685 | 0838 | 1060 | 4319 | LTLL] 2068 0 2500 | 2807 | 870
24 0327 10236 | 090 | 0.53) | 0.685 | 0857 ¢ L0A9 | 13I8 | LTI1 L 2064 | 2402 1 2797 3745
25 10127 L 0256 | 0390 | 0.531 | 0.654 ) D856 | 1058 | 1.316 | LT0S | 2060 | 2485 | 2787 | 3725
26 10127 1 0256 | 0390 | 0.531 | 0684 | 0.856 | 1058 | 1815 | L7061 2056 | 2479 | 2.779 3.707
27 | 0137 § 0256 | 0.389 | 0.531 { 0.684 | 0.855 | 1057 | 1314 | 1703 ) 2052 | 2473 | 2.77) 3,600
9% | 0127 1 0236 | 0389 { 0530 | 0.683 | 0855 | 1056 | 1313 | 1701 | 2,048 | 2467 | 2.763 3.671
20010127 1 0.256 | 0389 ¢ 0.530 | 0.684 5 0.8 [ LOSH | L3I | L6 | 2045 | 20062 | 2.756 3649 |
S0 02T L 0236 ] 0.389 ] 0.530 ] 0.683 | 0.&ad D L0556 | L3I0 | 1607 [ 2042 | 2457 | 2750 3,656
M| 0027 1 0255 | 0388 § 0529 L 0.GSL | 0851 [ 1050 | 1303 | nese b 2020 1 20423 | 2.704 1AS
SO 0124 | 025 L0 AST 0527 | 0679 1 O84S 1 LOAG | 1206 | 16TI G 2000 1 2300 | 2.660 3,460 |
120§ 0426 1 6204 ] 0386 | 0326 | 0.677 | 0545 | Loa) | r2se | 1658 1 1980 | 2358 2617 | 3.373
v D026 0258 1 0385 | 0320 | 0670 ] 0.542 | 1036 | 1982 | L6I5 | 1960 | 2326 ) 2576 | 3.291
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Table 5
Quantiles of the Fisher-Snedecor Distribution with 1, and 1 Degrees of Freedom
(f = value of F' such that Pr(F > f) = «)

R AT R T A el R

.Il.hf.'-. .!...' .._:l

- iy = ] | vy = 2 1:'; :EF R iy = -l ' N = 5 7] —
o {P=005 [ P=001TP=005] P=00I [ P=005] P=0011 P=008] T=001] P=005] P=0.0] s
1 161.4 | 41052 194.5 4994 '“'"‘; s 15003 2316 5625 | 2302 | 5704 3
2 18.51 95,49 19.00 99.00 19.16 99.17 19.25 99.25 19.30 09,730 :
30 10.13 30,12 9.55 30.81 .98 2946 9.12 28,71 9.01 2020 | &
1! T 21.20 6.4 1800 | 6.59 16.69 6.30 | 15.48 6.2 552 | %
s 6.6 16,25 5.79 1327 1 Sl 12.06 509 1 11.30 5.005 1007 | %
f; 5.99 143.74 5.141 10.91 1.76 TR 1.5: 9.15 1.:49 875 ¥
71 559 12.15 .74 .53 195 S5 1.12 785 | 3.07 715 |
N : .32 11.26 4.46 .65 _-i.t‘JT T.59 E J.81 7.0t ] 369 | 65.63
B RE. 1056 | 4.96 5.02 386 699 ¢ 363 | g2 3.48 6.06

10 1.96 10.04 4.10 76 3T 6.55 3% 1 500 3.33 5.6
110 45 .65 3.9% 1 720 | 339 6.22 336 1 567 3.24) nd2 | %
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