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(1) (15%) If a1 = v'2, and 

an+l = ✓ 2 + Fn, n = 1, 2, 3, · · · . 

prove that the sequence {an} converges, and that an< 2 for n = 1, 2, 3, · · ·. 

(2) Define a function f : R2 --+ R by 

{ 

0, 
J(x,y) = ? 

2 2 2 4x6 y-
X + y - 2x y - (x1+y2)2, 

(x, y) = (0, 0) 

(x, y) ::/= (0, 0) 

(a) (5%) Prove that f is a continuous function on R2
. 

(b) (15%) Prove that the restriction of f to each line through (0, 0) has a local 

minimum at (0, 0). 

(c) (10%) Is (0, 0) a local minimum for f? (Please give your reasons .) 

(3) (10%) Prove that the function J(x) = ln x is not uniformly continuous on (0, 1). 

(4) (10%) For n = l , 2, 3, · · · , x real , put 

j~ (x) = X 2· 
1 +nx 

Show that Un} converges uniformly to a function f. Docs {J~} converges to j'? 

(5) (10%) Let D be the solid bounded by the cylinder x2 + y2 = 4, the plane x + z = 6, 

and the xy-planc. Find 

where Sis the boundary of D with the unit normal vector ii directed outward from 

D and F(x, y, z) = (x2 + sin z) -i + (xy + cos z)j + eYk. 

(6) (a) (15%) Let f : [0, 1) --+ R be a one-to-one continuous function and A the range 

off. Show that the inverse function 1-1 
: A--+ [0, 1) is continuous. 

(b) (10%) Please give a function g: [0, 1)--+ R2 which is one-to-one continuous. But 

its inverse, which is defined on the range of g, is not continuous. 


