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Advanced Calculus (Applied Math) -

1. (13 pts) Suppose that f: R — R is uniformly continuous on R, and for n = 1,2 3,--- . let

fn($):f(m+-71;)

for z € R. Prove that {f,} converges uniformly on R to f.

2. (13 pts) Let f :|0,1] — R be continuous with f (0) = 0. Suppose that f is differentiable in (0,1), and

that f’ is an increasing function on (0,1). Prove that the function g (z) = f (z) /z is also increasing
on (0, 1). |

3. (13 pts) Forn=1,2,3,---, let

fn(z) = lim (cos n!wx)% (z € R).

k—o0

Find lim f, (z).

TL—+CXO

4. (13 pts) Let X and Y be metric spaces, where X is compact. If f is a continuous one-to-one mapping
of X onto Y, prove that f~! is a continuous mapping of ¥ onto X.

5. (15 pts) Define

3

o) — ) 7z i (z,y) #(0,0)
F &y { 0" i (z,¥) = (0,0)

(2) Let W be any unit vector in R?. Show that the directional derivative (D f) (0,0) exists, and
that its absolute value is at most 1.

(b) Prove that f is not differentiable at (0,0).

6. (15 pts) Consider the vector field F on R2 defined by
—
F (z,y) = (e"siny, e* cosy)

and let I" be the path y = z? joining (0,0) to (1,1) in R2. Evaluate the line integral e F .ds. Does
this integral depend on the path joining (0,0) to (1,1)? Explain.

7. (18 pts) Let f : R? — R? be defined by

flz,y) =(z+y,2z + ay) .

(a) Calculate Df (z,y) and show that Df (z,y) is invertible if and only if a # 2.
(b) Examine the image of the unit square [0, 1] x [0,1] when a =1, 2.
(c¢) Find the area of the image of the unit disc z% + y* < 1 when a = 3.



