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1. Consider a given non-exact ordinary differential equation

p(x,y)dx+ Q(x,y)dy =0
Find an integrating factor F(x,y) so that Fp(x,y)dx + FQO(x,y)dy =0

1S an exact equation.

(10%)

2. Consider a homogeneous linear 2™ order ordinary differential
equation (ODE)
Y+ p(x)y' +q(x)=0
If y, 1s one solution of this ODE, you would find a second

independent solution y, by reduction of order method, that 1s,

Y, = Uy,

e—fp(x)dx

1
Prove u(x)=[Umdx, and U)=—5
]

(10%)
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3. Find the two linearly independent solutions of the following
differential equation

X'y =2xy" = (x" =2)y(x) =0
(10%)

4. Define the Laplace transform of f(x) to be

L{f@0) = e f)ar.

Solve the following differential equation for y(¢)using Laplace

transtorm.
V' +2y' +2y() =1+t U(-2), y(0)=1, »'(0)=-1,
where
U(t — 2) is the unit step funtion,
0, O<t<?2
:{L t>2

(10%)
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5. Define Fourier transform of f(x) to be

F{f@)} =] f(x)e ™ dx.

(a) (5%) Find the Fourier transform of f(x)=exp(—al|x|), a=>0

(b) (5%) Apply Fourier transform to solve the differential equation
mu''-cu'—-ku = —-Qo(x) for —0O <X <0
where m,c,k,and Q are positive constant .

The boundary conditionis # -0 and u'>0 as x — too,

u, exp(—Q2.x), x>0

' u(x) =
The solution takes the form #(x) {uo exp(-Q x), x<0°

Find u«,, Q+and Q..

6. (a) (5%) Use Leibniz rule to find the first derivative of
rinx dt
= 4]

(b) (5%) Find and classify all the local maxima, local minima, and
saddles of the function

f(x,y)=In(x*+y° +1).
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7.
(a) Let
f(x,y,z)=x"e"*

Compute the rate of change of f in the direction of unit vector

( 1 1 1 )
V= T s
V3743743
at the point (1,0,0). (7%)
(b) Find a umit vector normal to the surface given by
Z =X y3 +x+3
at the point (0,0,3). (6%)

(c ) Let c(t)=(snt, cost, t) with 0 < t <25. Let vector field F be
defined by

F(x,y,z) = xi + yj + zk.

Compute the line integral F along ¢ ,_[ Feds (7%)
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8. Solve Laplace’s equation

2 2
0 z;+a Z;:=O for 0<x<a, 0<y<b
ox“ oy

subject to the boundary conditions
u(0,»)=0, u(a,y)=g(y) for 0<y<b,
and
u(x,0)=0, u(x,b)= f(x) for 0<x<a.
(12%)

9. Use Cauchy’s residue theorem to evaluate the integral

§ cotnz dz
C

where C 1s the positively oriented rectangle defined by x= —;- , X=7,
y=—-1, y=1.

(8%)
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Function {(t) Laplace transform F(s)
eat L
Sinmt 2 = 2
s°+w
A
cCosSwt 2 2
s° + @
f'(t) sF(s)- £(0)
f" (t) s*F(s) - s f(0) — £'(0)
: o
[, f@g-nydr=[1()*g®)]
F(s) G(s)
[ /(@)dr F(s)
[ A)
f(t-a) U(t-a) e F(s)
" () | F(s-a)
t 1(t) ~dF(s)
| ds
T |
S ()

f’ F(s")ds
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